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Preface

This is a compilation of solutions of all the problems that have appeared previously in the
Grade-11 (Tenth Standard) level mathematical olympiads organized by the Mathematical
Society of Myanmar (MSM). Most of the solutions here are my own work, while the others
were either suggested to me by my friends or found online. I've tried my best to make these
solutions as accessible and self-contained as possible. However, you should ideally learn the
theory from other more comprehensive textbooks; what I've provided here is just a brief
review.

Format

The first part of the document contains all the theorems that I’ve used in the solutions that
may not be part of the standard curriculum. The latter two parts contains the question
papers and solutions from 2015 to 2019. Ishould remark that these exams were used to select
the Myanmar team members for IMO 2016 to IMO 2020. In general, the team members for
year N were chosen from students who had passed the Regional Round and the National
Round of year N — 1; the team selection results were usually announced around the start
of May of year N. As of 2024, this system has been replaced by MOMC competitions'.

You may also notice that some of the problems are colored dark grey or 2. The
problems colored in dark grey contain major typos that cannot be fixed reasonably, whereas
the ones colored in light grey contain only minor ones that have been fixed.

I:l No errors

I:l Contains some errors that have been fixed
! Errors cannot be fixed

Further Reading

If you are a complete beginner at math olympiads and you want to learn more theory
before solving problems, I highly recommend taking a look at Evan’s recommendations
at https://web.evanchen.cc/wherestart.html. Unfortunately most of these books are
not free, but you can find them online without spending a dime if you know where to
look. Of course, you need to be somewhat familiar with English to make use of these, but
unfortunately in the current situation this is inevitable since most math books that you can
buy at bookstores in Myanmar are written in English anyway.

https://www.facebook.com/groups/194801247376848/posts/2451396491717301/
2Sadly I had to change the colors from red and yellow to accomodate black and white printing.
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Personal Notes

I started writing these solutions in the summer of 2021. At the time, there was no concise
compilation of solutions for past mathematical olympiads, and the only way to find the
question papers and solutions was by scrolling through countless Facebook posts. Since one
of my friends had already started writing the solutions for the Grade-10 level olympiads, 1
decided to take on the Grade-11 ones instead.

I spent the next few months finding the shortest solutions, deciding on the best ways to
present them, and tinkering with IXTEX/Asymptote. The progress was slow but steady, and
I was feeling that I could release the notes online by the end of August. However, in the
middle of July, I got an admission offer from the only university that I applied. Suddenly,
I had a long list in my hand of tasks to do, and this project ended up at the very bottom
of that list.

Fast forward a few years to the summer of 2023, I suddenly remembered about the project
while browsing through GitHub. Even though two years have passed, the situation in the
olympiad community here remained almost unchanged: resources were scarce, hard to find,
and often locked behind paywalls. This gave me an incentive to finish what I had started
writing long ago. Competing in math olympiads changed my life, and these notes are my
best attempt at giving something back to the community.

I originally intended to release these notes online, but I had a lot of concerns about my
work being republished commercially without my permission. As a result, the project got
postponed until this summer when I got an opportunity to publish the notes physically,
which would hopefully prevent any potential theft. However, my goal has always been
to make this available for free. Therefore, if you would like to support me, you can get
the printed version. If not, that’s fine! You can get a draft of this book at my website
radiuszero.github.io. If you find any typos or have suggestions, I would be grateful if
you can email them to kyawshinthant234@gmail . com.
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1 Theorems and Techniques

The following is a collection of theorems and techniques that I will refer to again and again
in the actual solutions. This is only for completeness, so if you want to actual learn about
how to use these theorems, I recommend you to read a proper textbook on the specific
subject that you want to learn. You can take a look at the preface to see some resources
for this.

Algebra
Theorem 1.1 (Remainder Theorem). Let f(z) be a polynomial. Then the remainder of f
when divided by = — r is f(r).

A special case of this theorem when the remainder is 0 is called the factor theorem. It
says that x — r is a factor of f if and only if f(r) = 0.

Theorem 1.2 (RMS-AM-GM-HM Inequality). For any positive real numbers aj, as, . .., ay,

n
n
> > xix9- Ty

>
n n T 1z + 1 xe 4+ 1)z,

\/x%+x§+---+x2 Tttt

with equality if and only if a; = a9 = -+ = ay.

Theorem 1.3 (Cauchy-Schwarz Inequality). For any two sequences of real numbers
a1,a9,...,a, and by, bo, ..., b,, the following inequality holds:

(a1by + asby + -+ anbn)® < (af + a5+ +ag)(b] + b5+ +by)
with equality if and only if a; = kb; for some real constant k.

Theorem 1.4 (Vieta's Formulas). Let a,z" +a,_12" '+ -4 ag be a polynomial with roots

r1,79,...,Tn. Then the roots and coefficients are related as follows:
an—1
Pyt = -
Qn
an—2
(rirg +rirs+ -4 rirp) + (rers+ -+ rorp) + -+ 1Ty = -
n
a
rireg ... Ty ::(__1)n4j1.
Qan

Theorem 1.5 (Descartes’ Rule of Signs). Let f(z) be a polynomial with real coefficients,
and let k£ be the number of sign changes in the sequence of coefficients. Then the number
of positive real roots of f is either equal to k, or less than it by an even number.
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For example, the polynomial 2 + 1 has no sign changes since its sequence of coefficients
is 1,1, so it has no positive real roots. On the other hand, the polynomial x> + 4x? — 5z — 6
has exactly one sign change (its sequence of coefficients is 1,4, —5, —6 so the sign changes
from + to — between 4 and —5), and so it has exactly one positive real root.

As a corollary, if we let £ be the number of sign changes in the coefficients of f(—x), then
the number of negative real roots of f is either equal to £, or less than it by an even number.

Theorem 1.6 (Fundamental Theorem of Algebra). Let f(x) be a polynomial of degree n with
complex coefficients. Then f splits into n linear factors with complex coefficients. i.e., there
exist complex numbers ay, ag, ..., a, (not necessarily distinct) such that

flz)=(z—a1)(z—a2) ...  (x —ayp).

In other words, f has exactly n roots in complex numbers when counted with multiplicity.

For example, the polynomial 2% 4+ 1 has no real roots, but it has 2 roots, namely i and
—i, in complex numbers'. The polynomial 23 — 1 has only one real root, 1, but it has two
complex roots, which are (—1 4+ 1/3i)/2 and (—1 — v/3i)/2 respectively.

Technique 1.1 (Some Useful Identities). For any real numbers a, b and ¢, the following
identities hold.

1. (a+b+c)? =a®+b? + c® + 2ab + 2bc + 2ca.
2. (a+1)(b+1)(c+1)=abc+ab+bc+ca+a+b+c+1.
3. a4+ b+ 3 —3abe = (a+ b+ c)(a® + b* + ¢ — ab — be — ca).

Technique 1.2 (Mathematical Induction). Sometimes, while proving something, we may no-
tice that a problem can be reduced to a smaller version of the same problem. In those cases,
we can use mathematical induction. A proof using induction generally consists of two parts.
Suppose that we are trying to prove a statement P.

1. We first show that P(i) is true for some natural number 4, usually 0 or 1. This is
called the base case.

2. We then show that if P(n) is true, than P(n+ 1) must also be true. This is called the
inductive step.

If we can do both of these steps, then we can conclude that the statement P is true for all
natural numbers n > i. It is easy to see why this holds: from step 1, P(i) is true, and from
step 2, P(i + 1) must be true. Since P(i + 1) is true, by step 2 again, P(i + 2) is also true,
and so on. This is often illustrated by the classic example of falling dominoes. Usually, the
second step is a lot more important and difficult to prove than the first one.

There are also many other variants of induction. One important and generally more useful
version is ‘strong induction’, where we assume in step 2 that P(k) is true for all i < k < n,
rather than just P(n). Another version which is used less often is ‘forward - backward
induction’ which is described below as technique 1.3.

'In fact, this is one way to define complex numbers, by adjoining the roots of 22 + 1 to R.
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Technique 1.3 (Forward-Backward Induction). This is a rarely used variant of induction, but
it can handle some problems where normal induction fails. The procedure is generally like
this:

1. Similarly to usual induction, we first show that P(7) is true for some natural number
i, usually O or 1.

2. We then show that if P(n) is true, P(2n) must also be true.
3. Finally we show that if P(n) is true, P(n — 1) must also be true.

You can see why this technique is called forward - backward induction. We use step 2 to skip
over a chunk of numbers, and then use step 3 to show that P is also true for the numbers
that we skipped. You can read more about this technique here.

Combinatorics

Theorem 2.1 (Inclusion-Exclusion Principle). The inclusion-exclusion principle is a useful
technique to count the number of elements in a union of sets, which may not be disjoint. In
its simplest form, it states that given two sets A and B, the number of elements in the set
AUB is

|AUB| = |A| + |B| — |AN B|.

This can be proven easily by using a Venn diagram. More generally, suppose that Ay, As,
..., A, are n sets. Then the number of elements in the union A; U Ay U ---U A,, is the
alternating sum

n
[ATUA U U A, =) A= > JANAl+ -+ (1) A N AN N A,
i=1

1<i<j<n
For example, the above formula for n = 3 would be
|A1 U Ag U A3| = |A1] + [Ag| + |A3] — [A1 N Ag| — [A2 N A3| — [A1 N A3| +[A1 N Ag N Azl

Theorem 2.2 (Pigeonhole Principle). Suppose that you have n objects and k buckets, where
k < n. The pigeonhole principle states that no matter how you distribute the objects into
the buckets, there will at least be one bucket with more than one object in it. This is quite
a trivial statement but it can be used to prove pretty counterintuitive stuff.

Technique 2.1 (Stars and Bars). Suppose that we have n identical stars and k buckets, and
we want to count the number of ways to distribute the stars into buckets such that each
bucket contains at least one star. One way to decide how to distribute the stars is by laying
all the stars in a line, and dividing them into k parts by inserting k£ — 1 bars in the gaps
between them. Note that there must be at least one star between consecutive bars; this
means that only one bar can be inserted into one gap. There are n—1 gaps, and the number
of ways to insert £ — 1 bars in n — 1 gaps is

(:71)
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Now suppose that we allow the buckets to be empty. i.e., we no longer need the each
bucket to contain at least one star. In this case, there can be multiple bars in each gap, and
it is no longer easy to count the number of ways to insert the bars. Instead, we can view
each configuration as a permutation of stars and bars combined. Since there are n identical
stars and k£ — 1 identical bars, the number of ways to permute them is

n+k—1
k—1 '

Definition 2.1 (Graph). A graph is a structure consisting of a set of vertices, and a set of
edges connecting those vertices. Usually, the vertices represent objects that we are interested
in a problem (e.g., people), and the edges represent the relations between the objects (e.g.,
two people are adjacent). Below is an example of a graph. The dots are vertices and the
line segments are edges.

For example, there is the path graph with n vertices, denoted as P,,, which is just a chain.
Here is a (boring) diagram of P; (which is just a point), P», P3 and Pj.

There’s also the cycle graph with n vertices, denoted as C,,, which as the name suggests is
a cycle with n vertices. Here are the diagrams of C3, Cy and Cj respectively.

Definition 2.2 (Chromatic Polynomial). Let G be a graph and k be any positive integer. A
k-colouring of G is a colouring of the vertices of GG, such that any two vertices which are
connected by an edge have different colours. The chromatic polynomial of G, often denoted
as P(G, k), is the number of k-colourings of G. (The fact that this function is a polynomial
in k is not obvious; however, it can be proven using the next technique.)

Technique 2.2 (Deletion-Contraction). Suppose that we have a set of objects in a specific
configuration (e.g., in a circle) and we want to count the number of ways to colour them
such that no two adjacent objects have the same colour. Such a problem can be quite
annoying to tackle as you can miss a case or two and get the wrong answer, but it becomes



MMO (Tenth Standard) Solutions by Kyaw Shin Thant

a lot easier once you translate it into a graph colouring problem. First, start by drawing a
vertex for each object, and then draw an edge between any two objects that are adjacent
to each other. Then the task of finding the number of colourings merely becomes the task
of finding the chromatic polynomial of the resulting graph.

Deletion-contraction gives a way to recursively find the chromatic polynomial of any
graph. Let G be a graph and k be a positive integer. Pick any edge e with endpoints v and
v. Let G — e be the graph obtained by removing the edge e. Then the set of k-colourings
of G’ can be divided as follows:

{k-colourings of G — e} = {k-colourings of G — e where u and v have the same colour}

U {k-colourings of G — e where u and v have different colours}

Note that the number of elements in the first set is just the number of k-colourings of
G /e, which is the graph obtained by deleting the edge e of G and merging u and v together.
Also, the number of elements in the second set is the number of k-colourings of the original
graph G. In other words, we have the following equality:

P(G —e, k) = P(G/e, k) + P(G,k),
which can be rearranged to form
P(G,k) = P(G — e, k) — P(G/e, k).

In this way, we can recursively find P(G, k) for any k.
For an example, see the second solution of 2016 Regional Round problem 11.

Geometry

There’s not a lot of theorems here since most of them are already covered in the standard
curriculum!

Theorem 3.1 (Ptolemy’s Theorem). If ABCD is a convex cyclic quadrilateral,

AB-CD+ AD - BC = AC - BD.

Number Theory

Technique 4.1 (Modular Arithmetic Basics). Fix a positive integer n. For any two integers
a and b, we say that “a and b are equivalent modulo n” if and only if a — b is divisible by n.
In other words, a and b are equivalent mod n if and only if they leave the same remainder
when divided by n. We write

a=b (modn)

to symbolize this equivalence. For example,
a=0 (mod n)

means that a is divisible by n.
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This equivalence symbol = really behaves like the equality symbol = that we use all the
time. In particular, it respects all of the arithmetic operations except for division. The
latter requires special care; we can only divide both sides of the equivalence by an integer
k if and only if & is relatively prime to n. (Think about why this is true!) If a = b (mod n)
and ¢ = d (mod n), then we have

a+b=c+d (modn), ab=cd (modn), and a*=b* (modn) forall k€ N.

This is a very useful notation for dealing with divisibility problems, and it will be used freely
in the solutions.

Theorem 4.1 (Fermat's Little Theorem). For any prime p and positive integer a,
a’? =a (mod p).
If @ and p are relatively prime in addition,
a? =1 (mod p).
This is because we can divide both sides of the equivalence by a.

Lemma 4.2. Let a, b and n be integers. Then a and b both divide n if and only if their
least common multiple also divides n. A useful case of this is when a and b are relatively
prime. In this case, their least common multiple is ab, so a and b both divide n if and only
if ab divides n.

More generally, if we have k integers a1, as,...,a,, then they all divide n if and only if
their least common multiple also divides n.

Lemma 4.3. Let a and b be integers, and n be a positive integer. Then

a” —b"
; :anfl_’_an72b+an73b2_’_'“+bn71.
a —

In particular, a™ — b" is divisible by a — b. Think about how this is related to the last
identity in the equation in Technique 4.1.

Lemma 4.4 (Euclid). Let a, b and ¢ be positive integers and suppose that a divides be. If
a and b are relatively prime, then a divides ¢. This innocent looking lemma is surprisingly
hard to prove without being circular!



2 Past Papers

Sample Problems

9]

Given the sequence u, = n?> — 6n + 13, what is the smallest term in the sequence?

A function f(z) = %ﬁq, q >0, g # x is such that f(p) = p and f(2¢) = 2¢. Find the
values of p and q. If (f o f)(z) = x, show that 2> — 2 —2=0. !

Let f(x) =1+ 2+ 2%+ --- + 2" The remainder when f(x) is divided by 2z — 1 is

33 more than the remainder when f(z) is divided by 2z + 1. Find the value of n.

cos?f sinf
Show that A = {sin@ cosd

6 = 30°, show that A’ — A=t = 0.

} satisfies A2 + 1 = 2A cosf, where I = [(1) (1)] L If

In the binomial expansion of (1 + x)", the coefficients of 5th, 6th and 7th terms are
consecutive terms of an AP. Find the first three terms of the binomial expansion.

Find the number of integers between 100 and 999 such that the sum of the three digits
is 12.

Determine the solution set for which

(x+1)(x—2)

> 0.
1—2z

If a1, as, ag are in AP, as, as, a4 are in GP and ag, a4, a5 are in HP, then prove aq,
as, as are in GP.

Prove by mathematical induction that

Zn:TA ~ n(n+1)(6n®+9n? +n—1)
— B 30

!The problem originally stated f(q) = ¢, but this does not give > — z — 2 = 0 when (f o f)(z) = z.
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q If the equation 2% —4cx® 4+ 622 4+ 2+ 1 = 0 has a repeated root p, show that 3¢ = 102%3.

Hence or otherwise, prove that there is only one positive value ¢ giving a repeated

root, and that this value of ¢ is (%)%

If the base BC of AABC is trisected at P and (), show that

AB? + AC? = AP? + AQ? + 4PQ>.

From a point O, two straight lines are at any angle. On one of these lines, points A
and B are taken such that OA = % inch and AB = % inch. Find the point on the
other line at which AB subtends the greatest angle.

Given any seven distinct real numbers z1, x2, ..., 7, prove that we can always find
the numbers z;,1 <¢ <7 and x;,1 < j < 7 such that

T;— X 1
J

0< — < —.
1+CCZ‘.CC]‘ \/§

Prove that 6 | n® — n for all integers n.

” ABCD is a semicircle, A and B being the extremities of the diameter and C' and D
being points in the arc in which the ratio of arcs AB : BC : CD = 2 : 3 : 4. Find
ZADC.

The 5-digit number A986B is divisible by 72. What is the value of A + B?

AB is a chord of a circle and P is any point on the arc of one of the segments
cut off. Prove that the bisection of the ZAPB passes through a fixed point on the
circumference.

Two circles touch each other internally at A. Through B, a point on the circumference

of the inner circle, a tangent is drawn which meets the circumference of the outer at
P and Q). Show that AP : AQ = BP : BQ.

2015 Regional Round

The operation A is defined as a Ab = ab+ 2a + b. Find =z, if % A2=3AH5.
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Ifa:+§:7, find the value ofa:3—|—w—13.

Find the value of

1_1 1_1 1_1 1 1
2 3 45 _ 6 7 2004 _ 2015
1_1 1_1 1_1 1 1 -
374 5 6 7 8 2015 2016

Let p and ¢ be the remainders when the polynomials f(z) = 2® + 222 — 5ax — 7 and
g(z) = 2% + az? — 122 + 6 are divided by x + 1 and = — 2 respecively. If 2p + ¢ = 6,
find the value of a.

Prove that (a + b)(b+ ¢)(c+ a) > 8abc for any a,b,c > 0.

@ The point P lies on a circle with radius r which has AB as a diameter. Show that
PA-PB <2r? and PA+ PB < 2V/2r.

In a sequence, u; = 1, ug = 2 and ug = 3. For n > 4, the nth term u,, is calculated
from the previous three terms as u, = up_3 + up_o — un_1. For example, uy =
up + ug — ug = 0. Write down the first 9 terms. What is the 2015th term of the
sequence?

In the figure, a square ABCD of side length 6 is given. Two circles with diameters
AD and CD are drawn. Determine the combined area of two shaded regions.

10
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B C

@ In AABC, ZA = 90°. The point P lies inside AABC with distances from AB, BC
and C'A equal to x, y and z respectively. If we denote a = BC, b= CA and ¢ = AB,

show that z = w.

An integer is chosen from the set {1,2,3,...,100}. Find the probability that the
integer is divisible by 3 or 7.

Aung Aung says to Bo Bo, “I am 5 times what you were when I was your age”. The
sum of their current ages is 64. Find their ages.

The sum of squares of three consecutive positive integers is 2 more than 100 times the
sum of the numbers itself. Find the largest of the three numbers.

P and @ are two points on AB and AC respectively, of AABC. If PQ is parallel to
BC', and bisects AABC, find AP : PB.

Find the remainder when (x 4 1)21¢ 4 (z + 2)2916 is divided by x? + 3z + 2.

If a, b, ¢, d are in harmonic progression, prove that ab 4+ bc + cd = 3ad.

11
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Using mathematical induction, prove that

n(n+1)(2n + 1).

12492132 4. .. 42— -

Show that n” — n is divisible by 42, for all positive integers n.

If o, 3 and 7 are roots of the equation x>+ px? +qx +k = 0, show that o+ 32 4++2 =
p? —2q.

2015 National Round

If 2™ + py™ + q2" is divisible by 22 — (ay + bz)x + abyz and y, z # 0, show that

P, q
. t1=0.

A sequence is defined by u; = 1, uy11 = u2 — ku,, where k # 0 is a constant. If
ug = 1, calculate the value of k and find the value of

Uy + ug +uz + -+ U00-

A rectangular room has a width of x yards. The length of the room is 4 yards longer
than its width. Given that the perimeter of the room is greater than 19.2 yards and
the area of the room is less than 21 square yards, find the set of possible values of x.

Two dice are thrown. Event A is that the sum of the numbers on the dice is 7. Event
B is that at least one number on the die is 6. Find

1. P(4),
2. P(B),

3. P(ANB),
4. P(A)-P(B).

Are A and B independent?

In ANABC, ZA = 30°, AB =8 cm and BC = x cm. If ZC > 30°, determine the set
of all possible values of x.

12
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[6]

Let f(z) be a polynomial with real coefficients. When f(z) is divided by both = — a
and z — b, where a and b are distinct real numbers, the remainder is a real constant
7. Prove that f(x) has also the remainder r when it is divided by 2% — (a + b)x + ab.

Three circles are tangent to each other as shown. The two smaller circles are tangent
to chord AB which has length 12 at its midpoint. What is the area of the shaded
region?

C

In a sequence, u; = 1, uo = 2 and uz = 3. For n > 4, the nth term wu,, is calculated
from the previous three terms as u, = u,_3 + Up—o — up—1. For example, uy =
uy +ug —uz = 0. By using mathematical induction, prove that ug,11 = 2n + 1 for all
integers n > 0.

In the diagram, AB = BC' = 1 and ABC is the diameter of the larger semicircle. AB
and BC' are diameters of the smaller semicircles. What is the diameter of the circle
tangent to all three semicircles?

A six-digit number is of the form abcabc, where all the digits are nonzero. Find three
different prime factors of that number.

Real numbers a and b are such that a > b > 0, a # 1 and a?016 4 p2016 — 42014 4 2014,
Prove that a? + b? < 2.

13
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In AABC, AC = L(AB + BC) and BN is the bisector of ZABC. K and M are the

midpoints of AB and BC respectively. If ZABC = 3, prove that ZKNM = 90° — %ﬁ.
B

If the (m — n)th and (m + n)th terms of a geometric progression are the arithmetic

14

mean and harmonic mean of z > 0 and y > 0, prove that the mth term is their
geometric mean.

Show that the sum of the squares of the lengths of the sides of a parallelogram equals
the sum of the squares of the lengths of the diagonals.

If n is a positive even integer, prove by mathematical induction that ™ —y" is divisible
by z 4+ y.

Prime numbers p, ¢ and positive integers m, n satisfy the following conditions:
p q . .
m<p, n<gqg and — + — is an integer.
m n

Prove that m = n.

A, B and C are three points on the circumference of a circle, and the tangent at A
meets BC produced at T. Prove that AB?: AC? =TB : TC.

ABCD is a cyclic quadrilateral. AFE' is drawn to meet BD at E such that /BAFE =
ZCAD. Prove that

1. AABE ~ AACD,
2. ANAED ~ AABC,
3. AB-CD+ AD-BC = AC - BD.
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A
D
E
BvC
2016 Regional Round
In the sequence u1, uo, ..., Uy, ..., the nth term is defined by u,, = 1— ﬁ for n > 2.
If u; = 3, compute uo, ug and ug. Write down wuogig.
If z and y are positive integers such that 56 < x 4+ y < 59 and 0.9 < % < 0.91, find

the value of y? — x2.

When 15 is added to a number x, it becomes the square of an integer. When 74 is
subtracted from z, the result is a square of another integer. Find the number z.

In a rectangle ABCD, the points M, N, P, Q lie on AB, BC, CD and DA respec-
tively, such that the areas of AAQM, ABMN, ACNP and ADPQ are equal. Prove
that M N P(Q is a parallelogram.

Draw 6 circles in the plane such that every circle passes through exactly 3 centres of
other circles.

There are 2016 students in a secondary school. Every student writes a new year card.
The cards are mixed up and randomly distributed to students. Suppose each student
gets one and only one card. Find the expected number of students who get back their
own cards.

The points P, A, B lie in that order on a circle with center O such that ZPOB <
180°. The point @ lies inside the circle such that ZPAQ = 90° and PQ = BQ. If
LAQB > LAQP, prove that ZAQB — LZAQP = LZAOB.

A fair die is thrown three times. The results of the first, second and third throw are

15
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recorded as x, y and z respectively. Suppose that z 4+ y = z. What is the probability
that at least one of x, y and z is 27

An arithmetic progression and a harmonic progression have a and b for the first two
terms. If their nth terms are xz and y respectively, show that (z —a): (y —a) =b:y.

Mr. Game owns 200 custom-made dice. Each die has four sides showing the number
2 and two sides showing the number 5. Mr. Game is about to throw all 200 dice
together and find out the sum of all 200 results. How many possible values of this
sum are there?

U Tet Toe wants to repair all 4 walls of his room. He has red paint, yellow paint and
blue paint (which he cannot mix), and wants to paint his room so that adjacent walls
are never of the same colour. In how many ways can U Tet Toe paint his room?

Given an equilateral triangle, what is the ratio of the area of its circumscribed circle
to the area of the inscribed circle?

Solve the equation v3x2 — 8z + 1 + /922 — 242 — 8 = 3.

Prove by mathematical induction that

1
12+32+52+72+--'+(2n—1)2:gn(4n2—1).

In how many ways can 7 identical T-shirts be divided among 4 students, subject to
the condition that each is to get at least 1 T-shirt.

AABC has AB > AC. A line DEF, equally inclined to AB and AC, is drawn,
meeting AB at F', AC at F and BC produced at D. Prove that BD : DC = BF : CFE.

(Hint: Draw BG || CE meeting DF' produced at G.)

The sum of the two smallest positive divisors of a positive integer N is 6, while the
sum of the largest positive divisors of N is 1122. Find N.

If p, ¢ and r are prime numbers such that p < ¢ < r and their product is 19 times
their sum, find p(q + 7).
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2016 National Round

9]

The sequence log;, 162, log, x, log5 y, log;s 2, log;5 1250 is an arithmetic progression.
What is x?

A triangular array of 2016 coins has 1 coin in the first row, 2 coins in the second row
and 3 coins in the third row, and so on up to N coins in the Nth row. What is the
value of N?

Tu Tu cuts a circular paper disk of radius 12 cm along two radii to form two sectors,
the smaller having a central angle of 120°. He makes two circular cones, using each
sector to form the lateral surface of a cone. What is the ratio of the height of the
smaller cone to that of the larger?

The sequence ui, ug, us, ... has the property that every term beginning with the
third is the sum of the previous two terms. That is,
Up = Up_9 + Up_1 for n > 3.
Suppose that ug = 110 and uy = 42. What is uy4?
Line ¢; has equation 3z —2y = 1 and goes through A = (—1, —2). Line ¢ has equation

y = 1 and meets line ¢; at point B. Line ¢3 has positive slope, goes through point A
and meets £y at point C. The area of AABC is 3. What is the slope of line £37

In AABC, AB = 13, BC = 14 and CA = 15. Distinct points D and E lie on
segments BC and CA respectively such that AD | BC and DE 1 AC. Find the
exact length of segment DFE.

In AABC, AB = 6, BC = 7 and CA = 8. Point D lies on BC' and AD bisects
/BAC. Point E lies on AC and BE bisects LZABC. The bisectors intersect at F.
Find the ratios AF : FD and BF : FE.

The sum of an infinite geometric series is a positive number S, and the second term
in the series is 1. What is the smallest possible value of S?

Prove that v/ab 4 vabc < (a + 4b + 4c) for all positive numbers a, b and c.

Eight people are sitting around a circular table, each holding a fair coin. All eight

17
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people flip their coins and those who flip heads stand while those who flip tails remain
seated. What is the number of ways that no two adjacent people will stand?

Let ABCD be a cyclic quadrilateral and let the lines CD and BA meet at . The
line through D which is tangent to the circle ADE meets the line CB at F. Prove
that ACDF is isosceles.

Prove that n® — n is divisible by 24, for all odd integers n.

In how many ways can 7 paintings be posted on a wall,
1. if 3 of the paintings are always to appear altogether,

2. if 3 of the paintings are never to appear altogether?

A box contains 2 red marbles, 2 green marbles, and 2 yellow marbles, Mg Gyi takes 2
marbles from the box at random; then Mg Latt takes 2 of the remaining marbles at
random; and then Mg Nge takes the last 2 marbles. What is the probability that Mg
Nge gets two marbles of the same colour?

Prove by mathematical induction that
P42 4+3+ o 4nP=1+2+3+-- +n)?

for all positive integers n.

If one of the roots of the equation:
3 2 _
ar® +br"+cx+d=0

is the geometric mean of the other two roots, prove that ac® = b3d.

Let f be a function such that

2 f(z) + f (9” — 1) = 227,

X

for all real numbers x # 0 and x # 1. Find the value of f (%)

2017 Regional Round

18

The four digit number ABCD is such that ABCD = Ax BCD+ ABC x D. Find the
smallest possible value of ABC'D. (Here ABC'D means 1000- A+100-B+10-C+D.)
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Find the remainder when 20172017201720172017201720172017 is divided by 72.

Show that for all real numbers z, y, z and w,

sin(x — w) sin(y — z) + sin(y — w) sin(z — z) + sin(z — w) sin(x — y) = 0.

Two circles intersect at A and B. A common tangent to the circles touches the circles
at P and Q. A circle is drawn through P, (Q and A, and the line BA produced meets
this circle again at C'. Join CP and C(Q, and extend both to meet the given circles
at E and F respectively. Prove that P, ), E, I’ are concyclic.

If z > 1, prove that 3 — 522 +8x —4>0.

@ Let ui,u9,us, ... be a sequence of real numbers such that u; > 2 and

2
un+1:1+u7
n

for n > 1. Prove that us,_1 + uoy > 4 for all n > 1.

H

Let a, b, ¢ be positive numbers such that ab + bc + ca + abc = 4. Prove that

1+1+1_
a+2 b+2 c¢+2

and
a+b+c>3.

(You can use the following result: If z, y, z are positive numbers, then % > Yryz.)

On each side of a triangle, there are 4 distinct points other than triangle’s vertices.
Determine the number of triangles having the vertices at 3 of these 12 points.

]

Two red dice and one blue die are thrown. What is the probability that the sum of
the scores on the red dice is equal to the score on the blue die?

—
S

N is a two-digit number and 2N also has two digits. If N equals 2 times the sum of
digits of 2V, find all possible values of N.

11| In the figure, AD || BC, AB = BC = CD = %AD and AAPD is equilateral. BP
and CP cut AD at Q and R respectively. If the area of AAPD is 12, find the area
of the trapezium BQRC.

19
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P

BT

B C
1 1 1 1 _ n-1
2. Show that for every integer n > 2, there exist positive integers 1, z2, 3, ..., T,
so that
1 1 1 1
— =t — =1
X1 T2 T3 In

Let a, b, ¢, d, e be five prime numbers forming an arithmetic progression with a

common difference of 6. Find the smallest possible value of a +b+ c+d + e.

Function f : R — R satisfies
(a—=b)fla+b)+(b—c)f(b+c)+ (c—a)f(c+a)=0,

for all a,b,c € R. For x € R, letting a = 3(z — 1), b= 4(z + 1) and ¢ = 3(1 — x),
show that f(z) = Az + B where A = f(1) — f(0) and B = f(0). Conversely, show
that the function f : R — R defined by f(x) = Ax+ B, where A and B are constants,
satisfies the given equation.

In a trapezium ABCD, with AB || CD, there are two circles with diameter AD and
BC respectively. Two circles do not intersect each other. Let X and Y which do not
lie in ABCD be two points on each of the circles. Show that

XY < Z(AD + AB + DC + BC).

N | —

If o, B and v are roots of the equation x® + ax? + bx + ¢ = 0, evaluate o 4+ 32 + 2
and o + B3 + 3.

Prove by mathematical induction, that 32" + 7 is divisible by 8 for all n > 1.

20
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Each vertex of convex polygon ABCDFE is to be assigned a colour. There are 6
colours and the ends of each diagonal must have different colours. How many different
colourings are possible?

2017 National Round

x = ABCDE is a five digit number. If (A+ C + E) — (B + D) = 11k where
k=-1,0,1,2, prove that x is divisible by 11.

A palindrome is a number that remains the same when its digits are reversed. For
example, 252 is a three-digit palindrome and 3663 is a four-digit palindrome. If the
numbers x — 22 and z are three-digit and four-digit palindromes, respectively, find the
value of x.

1. To find the exact value of /4 + 2v/3, let V4 + 2v/3 = a + bv/3, where a and b

are integers and a > by/3 > 0, and compute the exact values of a and b.”

2. Length of a side of an equilateral triangle ABC' is 2. If AD | BC, and the angle
bisector of ZBAD meets BC' at F, show that ZAED = 75°. Using the angle
bisector theorem, find the exact length of ED. Using the diagram, compute
exact values of sin 75° and cos 75°.

Find the nth term of a harmonic progression whose first two terms are a and b.

Find the relationship between a, b and c if the system

rty=a
22+ =0
By =c

has solutions.

@ A function f is defined on the positive integers, f(1) = 1009 and
F)+f@2) + -+ f(n) = n*f(n).

1. By expressing f(1) + f(2) +--- 4+ f(n — 1) in two ways, find f{éﬁ)l).

2. By using the result in part(a), find the formula for f(n). Calculate f(2018).

2The original problem asked to find the value of /24 — 21/3 as a — bv/3, but there are no such integers.

21
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1. f(z)= m can be expressed as f(x) = 2;%1 + %, where A and B are
constants. Find the values of A and B.

2. ff3)+ f(4)+ f(5)+---+ f(n) =c—g(n), where ¢ is a constant and g(n) is a
function, determine ¢ and g(n).

Find the number of ways in which 5 men, 3 women and 2 children can sit at a round
table, if

1. there are no restrictions,

2. each child is seated between 2 women.

ABCD is arectangle with AB =2, AD =y and y > x, and AXY Z is a square. If the
area of AXY Z is the same as the area of ABCD, show that \/zy—x < BX < /zy+=

and y — /oy < DZ <y+ /xy.
The average of the numbers 1,2,3,...,99 and = is 100z. Find the value of x.

Each of 240 boxes in a line contains a single red marble, and for 1 < k < 240, the
box in the kth position also contains k£ white marbles. Phyu Phyu begins at the first
box and successively draws a single marble at random from each box. She stops when
she first draws a red marble. Let P(n) be the probability that Phyu Phyu stops after
drawing exactly n marbles. What is the smallest value of n for which P(n) < ﬁo?

For all positive integers n, define

1 1 1 1
=1—-—Z4+=-_—... S
) 573 Yool o
(n) LRI S
g n+1 n+2 n+3 2n

By using mathematical induction, prove that f(n) = g(n) for all positive integers n.

ABCD is a cyclic quadrilateral with AB = AC. The line PQ is tangent to the circle
at the point C, and is parallel to BD. Diagonals BD and AC intersect at E. If
AB =18 and BC = 12, find the length of AF.

Let a > b > 0. Define two sequences a,, and b,, as follows:

an + by,
2

ai =a, by =0, apy1 = s bnt1 = v anbn.
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1. Prove that ap+1 < ap, and b1 > by, for n > 1.

(an—bn)’
8anta

2. Prove that apq1 — bpy1 =

3. If a=4 and b =1, find the first four terms of each sequence of a,, and b,,.

If cos @, cos 3 and cos~y are the roots of the equation 2% + az? + bx 4 ¢ = 0, where a,
B and « are angles of a triangle, prove that a? = 2b + 2¢ + 1.

The two circles C'1 and Cy intersect at the points A and B. The tangent to C; at A
intersects Cy at P and the line PB intersects C7 at (). The tangent to C; drawn from
Q intersects C7 and C5 at the points X and Y respectively. The points A and Y lie
on the different sides of P@Q). Show that AY bisects /X AP.

2018 Regional Round

In the figure, AP, BQ, CR are perpendicular to the straight line ABC. Prove that
1. APAB~ ARCB

1 1 1
2. pog=ar ter

PA and PB are the tangent segments at A and B to a circle whose center is O. AB
and OP are intercept at Q. Prove that AB | OP. Hence show that OQ : QP =
AO? : AP%. Hence also show that a( AOAB) : a( APAB) = AO? : AP2.

If T, 15, T3 are the sums of n terms of three series in AP, the first term of each being a
and the respective common differences being d, 2d, 3d, then show that 171 + T3 = 275.

The positive difference between the zeros of the quadratic expression % + kx + 3 is
v69. Find the possible values of k.

In APQR, ZQ = 90° and S is a point on PR such that QS L PR. If PR = kQR,
then show that PS = (k% — 1)RS.
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24

Prove the following theorem:

If a ray from the vertex of an angle of a triangle divides the opposite side into segments
that have the same ratio as the other two sides, then it bisects the angle.

The sum to k terms of an AP is 21. The sum to 2k terms is 78. The kth term is 11.
Find the first term and the common difference.

Prove that if a, b, ¢ and d are positive, the equation z* + bx? + cx — d = 0 has one
positive, one negative and two imaginary roots.

Show that the sum of the squares of the first n odd numbers is in(4n? — 1).

If 100! is divisible by 7", find the maximum value of n.

1+tan? x

Show that z = 10° is a solution of 2sinz = 520~
—tan“x

1 1 1
ShowthatW+ﬁ+~--+ﬁ>\/ﬁforalln>l.

1. Prove the following Cauchy inequality:

For any real numbers ay,...,a, and by,..., by,
(a1by + asbo + -+ + apby)? < (af + a3 + - +a2) (b7 + b3+ +b2).

2. For a set of positive real numbers z1,...,z,, the Root-Mean Square RMS is
defined by the formula
a3+ -+ a2
n
and the Arithmetic Mean AM is defined by the formula

RMS =

T+ Ty,
"

AM =

Prove that RMS > AM.

1. Prove that if p is a prime number, then the coefficient of every term in the
expansion of (a + b)P except the first and last is divisible by p.

2. Hence show that if p is a prime number and N is a positive integer, then NP — N
is a multiple of p.

3. Hence also show that if p is a prime number, then 10?7 — 7P — 3 is divisible by p.
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2018 National Round

To construct a triangle ABC, only given that AB = 10 and ZABC is 30°. Find all
values of AC' for which

1. there are two possible triangles ABC,
2. there is only one triangle ABC,
3. there is no triangle ABC.

In the given figure, O is the center of the circle. OA and OC' are radii with OA =
OC = 5 units. Find the area of region ABC'D, bounded by arc ABC' line segments
CD and DA, in terms of 0, if the line segment DA = 8 units and ZAOC' is 6°.

A

I 6° B

Prove that
1. cos20°,
2. log21, and

3. V3

are irrational.

Triangle ABC with AB = ¢, BC = a and CA = b is inscribed in a circle. Find the
radius of the circle in terms of a, b and c.

Prove the following Ptolemy’s theorem:

In a cyclic quadrilateral PQR.S,
PQ-SR+PS-QR=PR-5Q,
That is, the sum of the products of the opposite sides is equal to the product of the

diagonals.

25
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f(x) is a real-valued function defined on a < x < b such that

for all a < x1,z9 < b. Prove that

f(l‘1+$2+'--—|—33n
n

for all @ < x1,x2,...,2, <.

—
Point A has position vector OA and point B has position vector @ . Prove that for

—
0 <A <1, the vector \-OA+ (1 —A)- OB is a position vector of a point on the line
segri%nt AB. Prove also that any point on the line segment AB has position vector
/\-OA—i—(l—)\)‘O?forsomeOg)\S 1.

f(z) is a real-valued function defined on the interval a < z < b such that
fltzr + (1= t)ze) < tf(z1) + (1 — 1) f(22)

for all @ < x1,22 < b and for all 0 < ¢ < 1. Prove that for each triple z1, xo, x3 of
distinct numbers in the interval,

(3 — x2) f(21) + (w2 — 1) f(3) + (21 — 23) f(22)

(x1 — x2)(z2 — x3) (23 — 1) > 0.

Equilateral triangle ABC is inscribed in a circle. P is a point on arc AB. Prove that
PA+ PB = PC.

ANABC is inscribed in a circle. The tangent at C' and the line through B parallel to
AC meet at D. The tangent at B and the line through C' parallel to AB meet at F.
Prove that BC? = BE - CD.

AABC is isosceles with AB = AC. D is the midpoint of BC. AB and AC are
produced to X and Y respectively such that /X DY = ZDCY . Prove that AXBD,
AXDY and ADCY are similar triangles.

a1, b1, c1, ag, by, co are positive real numbers with ajc; — b% > 0 and agcy — b% > 0.
Show that (a1 + CLQ)(Cl + 02) — (bl -+ b2)2 > 0.

How many permutations of the word ‘TRIANGLE’ have none of the vowels together?
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H

4| From the group of 2n + 1 people, how many ways to choose a group of n people or
less?

15| Show that the product of any positive integer and its k — 1 successors is divisible by
k!

16| How many integers between 1 and 1,000,000 have the sum of digits equal to 107

17| Each side and diagonal of a regular hexagon is coloured either red or blue. Show that
there is a triangle with all three sides of the same colour.

8| Find the value of 20182 — 20172 + 20162 — 20152 + --- + 22 — 1.

H

2019 Regional Round

1. Show that z2 + y? > 2xy for any two real numbers x and y, and that the sign of
the equality holds if and only if x = y.

2. By using similar triangles, prove that h = %b for the given figure.

3. By using (1) and (2), show that h < §, and that the sign of equality only holds
if and only if a = b.

4. Show that of all right triangles having the same length of hypotenuse, the isosceles
right triangle maximizes the area.

C

Find all functions over the reals such that f(z) +2f(1 —z) = z(1 — z).

In the given figure, ABCD is a rectangle. P and ) are points on BC' such that
AB = BP = PQ@Q = QC. Find two similar but not congruent triangles and prove their
similarity.

27
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A D

Let f(z) = az?® + bz + ¢, a # 0.

1. Fill in the following steps (0) to show that f(z) = a(z + £)? — %.

f(z) =a(z® +0z) + ¢

b 2
—a<x2+Dx+D— () >+c
2a

2

b
:a(xQ—l—D:c—i—D)—E—i-c

b2
:a(x—l—D)2—E—|—c

+b 2 B2 4ac
=alx+—) ———
2a 4a

2. Hence show that if @ > 0 and b? — 4ac < 0, then f(z) > 0 for all z € R,
Show that if @ < 0 and b? — 4ac < 0, then f(x) <0 for all z € R.
4. If b — 4ac > 0, find the roots of the equation f(x) = 0 in terms of a, b and c.

In the given figure, DC' = PB and DC || PB. M and N are midpoints of AC' and
BD respectively.

1. Prove that the points P, N, C are collinear.
2. Prove that AP || MN and AP = 2MN.

C

@ In the given figure, /BAC = 60°, AB = 24 cm, BD 1 AC and DC = 3 cm. Find
the diameter of the circle.

28
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In an AP, the kth term is 11. The sum of the first k& terms is 26. The sum of the next
k terms is 74. Find the first term and the common difference.

What is the radius of the inscribed circle of a 3-4-5 right triangle?

]

@ A bag contains 3 red balls and 2 green balls. Balls are drawn at random, one at a
time but not replaced, until all 3 of red balls are drawn or until both green balls are
drawn. What is the probability that the 3 reds are drawn?

If 75! is divisible by 5", find the maximum value of n.

If L, M, N are the midpoints of the sides of AABC, and P is the foot of perpendicular
from A to BC, prove that L, P, M, N are concyclic.

29
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A

In a GP, the kth term is 864. The sum of the first k£ terms is 2080. The sum of the
first 2k terms is 12610. Find the first term and the common ratio.

Prove that (771) (7;) = (Z) (;T_’,Z) if all variables are integers and n > m > k > 0.

1. Provethatng—k2+nk+k§Wf0r1§k§n.

2. Consider k(n+1—k) = —k? + nk + k and by using the inequalities in (1), prove

that
(n+1)%"
n" < (n!)? < —m
3. Hence prove that
n 1"
nz <n!< & ;—n )

2019 National Round

AABC' is an equilateral triangle.

1. Prove that there are points D, F and F on AB, BC and C A respectively such
that DE 1| BC, EF | CA and FD 1 AB.

2. Prove that ADEF is also an equilateral triangle.
3. Find the ratio of the perimeters of ADEF and ANABC.

4. Find the ratio of the areas of ADEF and NABC.
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A

1. If abc = 2ab + 2bc + 2ca where a, b and ¢ are integers and 1 < a < b < ¢, then
show that 3 < a <6.

2. Find all possible ordered triples (a, b, ¢) such that
abc = 2ab + 2bc 4 2ca

where a, b and c are integers and 1 <a < b < c.

Let Z be the set of integers. Let f : Z — Z be a function from Z to Z such that

fla+y)+ fl@—y) =2f(x) +2f(y),

for all integers x and y.

1. Show that f(0) =0 and f(2z) = 4f(z).

2. Show that f(nz) = n?f(x) for every positive integer n.
3. Show that f(y) = f(—y).
4

Determine all functions f : Z — Z such that

flx+y)+ flx—y)=2f(z) +2f(y)

for all integers x and y.

Seven integers are written around a circle in a way that no two or three adjacent
numbers have a sum divisible by 3. How many of these seven numbers are divisible
by 37

1. Find an ordered pair (z,y) such that
2019z + 2021y = 1

where x and y are integers.
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2.

By using the ordered pair obtained in question 1, find all solutions of
2019z + 2021y =1

where x and y are integers.

@ In AABC, altitudes AD, BE and CF pass through the point H. Points A’, B’ and
C' are midpoints of BC', CA, AB respectively. Points A”, B” and C” are midpoints
of AH, BH, CH respectively.

1.

2
3.
4

Prove that B’C'B"C" is a rectangle.

Prove that C'A’C"” A” is a rectangle.

Prove that the six points A’, B’, C",A”, B", C" are concyclic.

Prove that the nine points A’, B, C’, A”, B”,C", D, E, F are concyclic.

A

Let f : R — R be a function such that

=W e

fa+y) + fl@ —y) = 2f(a) cosy, a,y € R.

Show that f(0) + f(—0) = 2a cos 6, where a = f(0).

Show that f(6 + ) + f(#) = 0.

Show that f(6 + ) + f(—0) = —2bsin 6, where b= f (%).
Find all functions f : R — R such that

fl@+y)+ flz —y) = 2f(x)cosy

where z,y € R.

A student council must select a two-person welcoming committee and a three-person
planning committee from its members. There are exactly 15 ways to select a two-
person team for the welcoming committee. It is possible for students to serve on both
committees. In how many different ways can a three-person planning committee be
selected?
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@ AB is a diameter of a circle O with radius 10 cm. OQ is a radius of a circle O such
that QO L. AB. A point P is on OQ. Draw a semicircle centered at P with diameter
CD where CD is the chord of circle O and CD 1 PQ. P produced meets the
semicircle at R. Find the maximum possible length of QR.

Sla

Find all positive integers s such that [%] —21= [%1 where [z] is the smallest integer
greater than or equal to x. For example, [3.7] =4, [3] =3 and [3.2] = 4.

In AABC, AB = 94 and AC = 107. A circle with center A and radius AB intersects
BC at points B and X. Moreover, BX and C'X have integer lengths. What is BC'?

Seven people are sitting around a circular table, each holding a fair coin. All seven
people flip their coins and those who flip heads stand while those flip tails seated.
What is the probability that no two people adjacent will stand?

1. Let a and b be positive integers. If there are integers xg, yo such that axg+byg =
1, then prove that the greatest common divisor of @ and b is 1.

2. Prove that the fraction ﬁZig is in lowest terms for every positive integer n.

AABC is inscribed in a circle. Altitudes AD, BE and CF pass through the point
H. EF produced meets the circle at P. BP produced and DF produced meet at the

point Q.
1. Show that LZACF = ZADF = /ABE.
2. Show that ZAFQ = LZACD.

3. Show that AP = AQ.
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Q

A car drives from town A to B at the average speed of 30 km/h, from town B to

town C at average speed of 60 km/h; and on the way back, the car drives from C to
B at average speed of 30 km/h?, from town B to A at average speed of 60 km/h. The
whole trip takes 6 hours. What is the total distance of the round trip?

1. Prove that the square of an odd number gives the remainder 1 upon dividing by
8.

2. Prove that if k is odd and n is a positive integer, then k2" — 1 is divisible by
22,

3The original problem set this to be 20 km/h, but in that case the total distance is not unique anymore.
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3 Solutions

Sample Problems

Problem 1. Given the sequence u,, = n? — 6n + 13, what is the smallest term in the
sequence?

Solution. By completing the square, we have
n?—6n+13=n>—6n+9+4=(n—3)>2+4.

Since squares are non-negative, this means that (n—3)2+4 > 0+4 = 4. Hence the minimum
is uz = 4, achieved when n = 3. O

Problem 2. A function f(z) = xLiq, q > 0, g # x is such that f(p) = p and f(2q) = 2q.
Find the values of p and q. If (f o f)(x) = x, show that 22 — 2 — 2 = 0.

Solution. We have the following two equations:

— __P 2 _ o —
p—f(p)—p_q:p pg=p (1)

2q=f(2q)=§:>p=2q2 (2)

Substituting the value of p in (1), we get 4¢* — 2¢® — 2¢*> = 0. Since ¢ > 0, we can cancel
out 2¢? from both sides, which leaves us with

2 —q—1=0= (¢g—1)(2¢+1) =0.

Solving this shows that ¢ =1 or ¢ = —%. Since ¢ is non-negative, we can discard the latter,
and hence ¢ = 1. This gives us p = 2. Therefore, the original function becomes f(r) = 2.

r—1
Finally,
= 22—z —-2=0. O

= (fof)@)=

x—1

Problem 3. Let f(z) = 1+ 2 + 2% +--- + 2™ The remainder when f(z) is divided
by 2z — 1 is % more than the remainder when f(x) is divided by 2z + 1. Find the
value of n.
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Solution. Since f is a polynomial, by the remainder theorem, the remainder when f(z) is
divided by 2z — 1 is f(3) and the remainder when f(z) is divided by 2z + 1 is f(—3).

Therefore, the given condition becomes
1 1 341
1(5) -+ (5) =%

1+1+1+ 42 1+1+1+ +1 _
2 22 2n (=2)  (-2)2 (-2)» ) 256

Notice that all the fractions with even powers cancel out. Therefore, if we let ¢ be the largest
odd number less than or equal to n, we have

(b ) -2
2 23 2t 256
S R S
22 24 2t=1 256
This is a GP with starting term ¢ = 1 and common ratio r = %. Since ar" ! = u,, = 2,5%1,
it follows that there are n = % terms, and so the GP summation formula gives us
1—5hr 341
% 256
r 341 x 3
261 T 256 x 4
11
2t+1 T 1024
which shows that ¢t = 9. Since ¢ is the largest odd number less than or equal to n, this
means that n must be either 9 or 10, and these are the only solutions. O

Problem 5. In the binomial expansion of (1 + z)", the coefficients of 5th, 6th and
7th terms are consecutive terms of an AP. Find the first three terms of the binomial
expansion.

Solution. By the Binomial theorem, the coefficients of 5th, 6th and 7th terms are (Z), (g”)
and (2) respectively. Since these three numbers are in AP,

() (6) =)
n(n—1)(n—2)(n —3)
1x2x3x4 _2n(n—1)(n—2)(n—3)(n —4)
nin—1)(n—2)(n—3)(n —4)(n —5) 1x2x3x4x5
+ 1x2x3x4x5x%x6
(n—4)(n—5) 2(n—4)
bt 5 x 6 5
30+ (n—4)(n—>5)=12(n —4)
n? —21n 498 =0

(n—14)(n—7) =0

36



MMO (Tenth Standard) Solutions by Kyaw Shin Thant Sample Problems

and so it follows that n is either 7 or 14. In the first case, the first three terms are 1, 7z,
2122, and in the second case the first three terms are 1, 14z, 9122 O

Problem 6. Find the number of integers between 100 and 999 such that the sum of
the three digits is 12.

Solution. The numbers we want are of the form 100 < abc < 999 with a+b+c = 12. Notice
that after we choose a and b, the value of ¢ is automatically determined.

When a = 1, b+ ¢ = 11. This means that b cannot be less than 2, as that would make ¢
greater than 9. Since b € {2,3,---,9}, there are 8 choices of b here.

When a = 2, b+ ¢ = 10. Similarly to the above case, b cannot be less than 1. Therefore,
there are 9 choices of b for this case.

When 3 <a <9,b+c¢ <9, so we don’t need to worry about the size of ¢ exceeding 9
anymore. For each choice of a, b can range from 0 to 12 — a so there are 12 —a+1=13—a
choices of b. Therefore, the total number of choices of b for 3 < a <9 is

10+9+8+7+6+5+4=49.

Hence, the total number is 8 4+ 9 + 49 = 66. O

(z4+1)(z—2)

75— > 0.

Problem 7. Determine the solution set for which

Solution. For a rational function to be positive, both the numerator and the denominator
must have the same sign. Therefore, we can consider two cases as follows.
Case 1: (x 4+ 1)(xz — 2) and 1 — 2z are both positive.

In this case, since (x + 1)(x — 2) is positive, we must have either z > —1 and = > 2, or
x < —1 and x < 2. The former is equivalent to x > 2 and the latter is equivalent to z < —1,
so we must have x > 2 or x < —1. Now since 1 — 2z > 0, we see that z < —%. Combining
all of these shows that z < —1.
Case 2: (x+1)(x —2) and 1 — 2z are both negative.

In thise case, since (z + 1)(z — 2) is negative, we must have either x > —1 and = < 2, or
x < —1 and = > 2. The latter is impossible, so —1 < z < 2. Since 1 — 2z < 0, we also have
x> % Combining these two shows that % < x < 2 for this case.

Hence the solution set is {x € R |z < —1 or % <z <2} O

Problem 8. If a1, as, ag are in AP, as, a3, a4 are in GP and ag, a4, as are in HP,
then prove a1, as, as are in GP.

Solution. Write a1 = a — d, ag = a and a3 = a + d. Then since as, ag, a4 are in GP,

9 a2 (a+d)?
a2a4:a3:>a4:a—:T.
2
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Now since as, a4, as are in HP, 2 a5 i, ai are in AP. Therefore,
11 2
as ' as  ay
I 2a 1
a5 (a+d)? a+d
_2a—a—d
~ (a+d)?
_a—d
~ (a+d)?
2
as = (C;tcii) .
Therefore,

ap a—d a3
a3 a+d as
and hence a1, ag, a5 are in GP. ]

Problem 9. Prove by mathematical induction that

zn: 4_ n(n +1)(6n3 +9n? +n —1)
r .
30

r=1

Solution. For the base case n = 1, it is easy to check that both the left hand side and right
hand side are equal to 1. Now suppose that this identity is true for n = k. We have to show
that it is also true for n =k + 1. i.e.

’% i _ (R Dk 2)(6(k + 1 +9(k +1)° + k)

30

But Zk+11 rt = Zr:l r* 4+ (k+1)* and
k
4 (k+ 1) =

r=1

k(k +1)(6k3 +9k* + k —1)
30

_ (k+ 1)(6K* + 9K + k2 — k + 30Kk® + 90k? 4 90k + 30)
_ (k+1)(6k" + 39K + 91k23$ 89k + 30)
_ (R DE+ 2)(6k33$ 27k? + 37k + 15)
_ (R D)(k+ 2)(61&”3?r 18k? 4+ 18k + 6 + 9k + 18k + 9 + k)
_ (k4 1)(k+2)(6(k+1)° + 93((1)<: +1)2+k)
30

so by mathematical induction, this identity is true for all n € N. O

+ (k+1)*
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Problem 11. If the base BC of AABC is trisected at P and (), show that

AB? + AC? = AP? + AQ? + 4PQ>.

Solution. Let /A, /B and ZC be a, 8 and «. By the law of cosines in AABP and ANACQ,
AP? = AB?> + BP? —2AB - BP cos 3,
AQ? = AC? + CQ? — 2AC - CQcos .

By law of cosines again in AABC, we also have
2AB - BC cos 3 = AB? + BC? — AC?,

2AC - BC cosy = AC? + BC? — AB>.
A

Therefore,
AB? — AP? + AC? — AQ* =2AB - BPcos 8 + 2AC - CQcosy — BP? — CQ?

= %(2AB - BC cos 8+ 2AC - BC cosvy) — 2PQ?

= %(ABQ + BC? — AC? + AC? + BC? — AB?) — 2PQ?

2BC?
= 30 —2PQ?

=6PQ? - 2PQ?
= 4PQ>. O

Problem 12. From a point O, two straight lines are at any angle. On one of these
lines, points A and B are taken such that OA = g inch and AB = % inch. Find the
point on the other line at which AB subtends the greatest angle.

Solution. We will only describe how to construct the desired point when A lies between O
and B, as the other case can be handled in the same way. Since OA > AB, we see that
O lies outside of segment AB. Let the ray on which those two points lie be k. We can
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split the other line, say ¢, into two rays ¢; and {2, both originating from O and pointing at
opposite directions. Let X7 be a point on ¢; such that (X;AB) is tangent to ¢1. We claim
that ZAX B is the maximal angle among any point on ray ¢;.

0]
First, since
OX? =0A-0OB =10 = 0X; = V10,

it follows that there is only one such X;. Now take any point Y other than X; on ¢;. We
must show that ZAX 1B > ZAY B. Let line AX; meet (AY B) at Z. Since (AY B) is not
tangent to {2, it follows that X lies inside (AY B). Therefore,

LAX\B=/AZB+ /X\BZ > /AZB = Z/AYB

and hence it follows that ZAX: B is indeed maximal.

Similarly, we can also choose a point X9 on ray fo, such that ZAXsB is maximal among
any point on 3. Now take a point X € {X1, X2} such that ZAX B is maximal. We claim
that X is our desired point. Take any point P on ¢ other than X; it must lie either on #;
or ¢5. Suppose WLOG that it lies on ¢1. Then

/ZAPB < /AX1B < AXB,
and we are done. O

Remark. In the case when k L ¢, we have ZAX 1B = ZAX5B, so there are two points on /¢
that satisfy the given condition.

Problem 13. Given any seven distinct real numbers x1, x2, .. ., 7, prove that we can

always find the numbers z;, 1 <7 < 7 and z;, 1 < j < 7 such that 0 < ﬁ;? < %
iTj

Solution. Choose 0 < a1,a9,...,a7 < 7 such that tana; = z; foreach¢=1,2,...,7. Divide
the interval [0,7) into six equally sized intervals; i.e. consider intervals Iy, Io, ..., Is such

that I, = [(k%l)”, %”) Since there are 7 elements in the sequence ai,ao,..., a7, it follows

that two of them must be in the same interval. Let the larger one be a; and the smaller one
be a;j. Then 0 < a; —a; < §, so it follows that

Ti— X tana; — tana;

™
= =tan(a; —a;) < tan — = —.
1+ ziz 1+ tana; tana; (as i)

6 V3
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Since a; > aj, tan(a; — a;) > 0, so we are done. O

Problem 14. Prove that 6 | n3 — n for all integers n.

Solution. Notice that n® —n = (n—1)n(n+1). Since n—1, n and n+1 are three consecutive
integers, it follows that one of them must be divisible by 3. Similarly, since n — 1 and n
are two consecutive integers, one of them must be divisible by 2, so n® — n is also divisible
by 2. Since n3 — n is divisible by both 2 and 3, it must be divisible by their least common
multiple which is 6. 0

Problem 16. The 5-digit number A9868 is divisible by 72. What is the value of
A+ B?

Solution. Let the number in the problem be S. Since S is divisible by 72, it is divisible by
8, which means that 86B is divisible by 8. It follows that B = 4. Now S is also divisible
by 9, so the sum of its digits must be divisible by 9. Hence A4+9+4+8+6+4 = A+ 27 is
divisible by 9, so A must be divisible by 9. However, A is non-zero since it is the first digit,
A must be equal to 9. Therefore, A+ B =9+ 4 =13. O

Problem 17. AB is a chord of a circle and P is any point on the arc of one of the
segments cut off. Prove that the bisection of the /AP B passes through a fixed point
on the circumference.

Solution. Let the angle bisector of ZAPB intersect the circle at M.
P

M

Then
LMAB = /ZMPB=/MPA=/MBA,

which implies that M A = MB. Therefore, M is the midpoint of arc AB that does not
contain P. Since M does not depend on the position of P, we are done. O
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Problem 18. Two circles touch each other internally at A. Through B, a point on the
circumference of the inner circle, a tangent is drawn which meets the circumference
of the outer at P and ). Show that AP : AQ = BP : BQ.

Solution. Let the common tangent to the two circles at A meet line PQ at K. It is easy to
see that KA = KB.

Then by the tangent-chord theorem, /PAK = ZAQB, so

/PAB = /BAK — /PAK = /ABK — ZAQB = /BAQ,

so it follows that ray AB internally bisects ZPAQ. Therefore, by the angle bisector theorem,
we see that PA: AQ = PB : BQ. O

2015 Regional Round

Problem 1. The operation A is defined as a A b = ab + 2a + b. Find z, if é—Qw A2 =
3ADb.

Solution. This is just linear equation solving.

12

AN2=3A5
6—x
24 24
+—+2=154+6+5
6—x 6-—x
48
=24
6—=x
xr = 4. OJ

Problem 2. If z + % = 7, find the value of x + :%3
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2015 Regional Round

Solution. Cubing the given expression gives us

1 3
343 = <$+>
T

1 1\? 1
= 2 4 322 <> + 3z () +—=3
X X i

1 1
:-T3+3+3<.%'+)
T T

3 1
=" + 3 -+ 3.7
x
3 1
=" + 3 + 21
x
3 1
”+ — =322 O
x
Problem 3. Find the value of
L1 1_1 1_1 11
2 3 45 .67 2014 2015
L 11 1 1 1 11 -
374 56 7 8 2015 ~ 2016
Solution. It is easy to see that the ith term is equal to
1 1 1
2~ 2i+l 2i(2i+1)
1 T 1
2i+1 242 (2i+1)(2i+2)
2+ 2
20
it
o
Therefore, the whole product is equal to
11 1_1 1 1
23,475 w203 10080 O
1_1 1 _1 1 1 :
571 56 205 216 1 2 1007

2p + q = 6, find the value of a.

Problem 4. Let p and ¢ be the remainders when the polynomials f(z) = 2% + 222 —
5ax — 7 and g(z) = 2 + az? — 12z + 6 are divided by = + 1 and x — 2 respecively. If

Solution. By the remainder theorem, the remainders are f(—1) and f(2) respectively, so

p=f(-1)= (-1’ +2(-1)* = 5a(-1) = 7 =

and

—1+2+5a—7=5a—6,

g=9(2) =23 +a(2)? —12(2) + 6 = 8 + 4a — 24 + 6 = 4a — 10.
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Therefore,
2p+q=26
10a —12+4a—10 =6
14a = 28
a=2. O

Problem 5. Prove that (a + b)(b+ ¢)(c + a) > 8abe for any a,b,c > 0.

Solution. By the AM-GM inequality,
(a+b)(b+c)(c+a) > 2Vab - 2Vbe - 2y/ca = 8abe. O

Problem 6. The point P lies on a circle with radius » which has AB as a diameter.
Show that PA- PB < 2r? and PA + PB < 2V/2r.

Solution. By the AM-GM inequality,

PA2+ PB?  AB? 42
PA-PB< “; == :%:27«2.

Also, by the RMS-AM inequality,

2 2 2 2
PAWBSQWMPB:Q AB: _, a2, o -
2 2 2
P
A - 5 - B

Problem 7. In a sequence, u1 = 1, us = 2 and ug = 3. For n > 4, the nth term u,, is

calculated from the previous three terms as u, = u,_3 + u,_2 — uy_1. For example,
ug = U1 +ug —ug = 0. Write down the first 9 terms. What is the 2015th term of the

sequence?
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Solution 1. The first 9 terms of this sequence are

u1:1
u2:2
U3:3

u=142-3=0
us =2+3—-0=5
ug =3 +0—-5= -2
uy = 0+5+2=7
ug=5-2—-7=—-4
ug = —24+7+4=11
Obviously, we cannot keep doing this 2015 times, so let’s try to find a pattern for general

n. A closer inspection shows that u, = n for odd n, while it is an AP that decreases by 2
for even n. This lets us conjecture that

n, if n is odd,
Up = . .
4 —n if nis even.

We will prove this using strong induction. The base case n = 1 and n = 2 are easy to check.
Now suppose that this is true for all positive integers less than or equal to 2k. We will show
that this also holds for 2k 4+ 1 and 2k + 2. It is easy to see that

U2k+1 = Uk—2 + Ugk—1 — Uk = (4 - (2]€ — 2)) + (2k - 1) - (4 - 2k) =2k+1,
and

U2k +2 = UQk—1 +qu—u2k+1 = (2/€— 1)+(4—2]€) — (2k+1) =2-2k=4- (2k+2).

Therefore, by strong induction, it follows that this pattern holds for all n € N. Now since
2015 is odd, we finally have ugp15 = 2015. ]

Solution 2. After writing down the first 9 terms as in the first solution, let a, = u,, — up_s.
The given condition can then be rewritten as

Up — Up—2 = Up—3 — Up—1 = Qp = —Ap—1.

Therefore, anyo = —apy1 = an. Since az = ug — uy = 2, this means that 2 =a3 =a5 =-- -,
or equivalently, for all odd i, a; = 2. We can now find usg15 as follows.

u2015 — U1 = (U2015 — u2013) + (u2013 — u2011) + - - - + (ug — u1) = ag15 + aze13 + - - + as.
There are 1007 terms in the above expression and all of them are equal to 2, so

w9015 — U1 = 1007 - 2 = u9p15 = 2015. OJ
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Problem 8. In the figure, a square ABCD of side length 6 is given. Two circles
with diameters AD and C'D are drawn. Determine the combined area of two shaded
regions.

Solution. Let O be the center of the square.
B C

Since ZAOD = ZDOC = 90°, it follows that O lies on both circles, and hence must be
the second intersection of the two circles. Also, O is the midpoint of segment AC. Now
as OA = OD, the region bounded by OD and minor arc OD is congruent to the region
bounded by OA and minor arc OA. This similarly holds for OC and OD as well, so the
area of the shaded region is equal to the area of AABC, which turns out to be % = 18.

O
Problem 9. In AABC, ZA = 90°. The point P lies inside AABC' with distances
from AB, BC and C'A equal to x, y and z respectively. If we denote a = BC, b= CA
and ¢ = AB, show that z = bc_c%.
Solution. Since /A = 90°, the area of ANABC' is %, SO
ay + bz + cx = 2([BPC] + [CPA] + [APB]) = 2[ABC| = bc.
This means that b
bz:bc—cx—ay@z:w. 0

b
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Problem 10. An integer is chosen from the set {1,2,3,...,100}. Find the probability
that the integer is divisible by 3 or 7.

Solution. Let S and T be the sets of numbers less than or equal to 100 which are divisible by
3 and 7 respectively. It is easy to see that |S| = 33 and |T'| = 14. Now the number of integers
less than or equal to 100 which are divisible by 3 or 7 is |SUT|. By the inclusion-exclusion
principle,

ISUT|=|S|+|T|—|SnT|.

Therefore, we need to find |S N T, or the number of numbers below 100 which are divisible
by both 3 and 7, and hence divisible by 21. There are four such numbers. Therefore,

ISUT| =33+ 14 — 4 = 43.

Hence the probability that a chosen integer is divisible by 3 or 7 is 1%. O

Problem 11. Aung Aung says to Bo Bo, “I am 5 times what you were when I was
your age”. The sum of their current ages is 64. Find their ages.

Solution. Let A and B be Aung Aung’s and Bo Bo’s age respectively. Then when Aung
Aung was Bo Bo’s current age, Bo Bo’s age was B — (A — B), so the problem conditions
give
A=5B—-(A-B))
A+ B =64

Solving these two equations show that A = 40 and B = 24. O

Problem 12. The sum of squares of three consecutive positive integers is 2 more than
100 times the sum of the numbers itself. Find the largest of the three numbers.

Solution. Let the three consecutive integers be n — 1, n and n + 1. Then
(n—1)%*+n*+(n+1)>=100(n —1+n-+n+1)+2= n=100.

Therefore, the largest number is n + 1 = 101. 0

Problem 13. P and @) are two points on AB and AC respectively, of AABC. If PQ
is parallel to BC, and bisects AABC, find AP : PB.

Solution. Since ZAPQ = ZABC and ZAQP = ZACB, it follows that AAPQ and ANABC
are similar. Since PQ bisects AABC,
AB?  [ABC] AB

_— = 2 —_— =
AP T [APQ] AP

V2.
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Finally,
AB AP+ BP BP AP 1
V2=Tp= T ar S TP T BP T vT .
A

/ AN

B C

Problem 14. Find the remainder when (z+1)201¢ +(2+4-2)201¢ is divided by 22+ 3z+2.

Solution. By the remainder theorem, (z 4+ 1)?°1° leaves a remainder of
(=2 4 1)2015 — (_1)2015 = 4

when divided by x 4 2. Therefore,
(z+ 1) = (z+2)g(z) — 1

for some polynomial g(x). Similarly, (z+2)2°!5 leaves a remainder of (—1+2)?°1% = 1 when
divided by x + 1. Hence we also have

(z+2)% = (z 4+ Dh(z) + 1
for some polynomial A(z). Thus

(IL‘ + 1)2016 + (fL‘ + 2)2016 —

Therefore, it follows that the remainder is 1. O

Remark. We can also solve this problem using modular arithmetic and noticing the fact
that ged(x + 1,2 +2) = 1.

Problem 15. If a, b, ¢, d are in harmonic progression, prove that ab+ bc + c¢d = 3ad.
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1

, 7=, and s = é. Dividing the expression by abcd, we just need

=

Solution. Let p = é, q=

to show that
Ll 3 s sprpg=3
ed  ad  ab  be TéT SpTPI = g

Since a, b, ¢, d are in HP, p, ¢, r, s are in AP. Let ¢t be the common difference. Then

rs+sp+pqg _ s(r+p)+pg
qr B qr
25q + pq
qr
2s+p
T
_ 2(p+3t)+p
 pt2t
3p + 6t

p+2t
=3

Therefore, rs 4+ sp + pg = 3qr as desired. ]

Problem 16. Using mathematical induction, prove that

n(n+1)(2n + 1)'

12422 +382 4. +n?= .

Solution. When n = 1, it is easy to see that both the left hand side and the right hand side
are equal to 1. Now suppose that this holds for n = k. Then

Kht DE@ELD)

6
k(2K + 1)
( + k+1>

_ (k4 (2k2+7l<:+6)
6
_EFDE+2)2(k+1) +1)
6 9y

P+22+ -+ kP4 (k+1)° =

so the identity also holds for n = k + 1. Therefore, by mathematical induction, it follows
that the identity holds for all n € N. O

Problem 17. Show that n” — n is divisible by 42, for all positive integers n.

Solution. Since 42 is the least common multiple of 2, 3 and 7, by lemma 4.2, it suffices to
show that n” —n = n(n® — 1) is divisible by 2, 3 and 7. If n is even, it is obvious that n” —n

49



2015 National Round MMO (Tenth Standard) Solutions by Kyaw Shin Thant

7

is divisible by 2. If n is odd, n® — 1 is even so in that case n” —n is also divisible by 2. Now

by Fermat’s little theorem, n3 =n (mod 3), so

n=nmn?)?P=n*=n (mod3)=n"-n=0 (mod3)

7

Finally, by Fermat’s little theorem again, n* —n =0 (mod 7), so we are done. O

Problem 18. If o, 3 and v are roots of the equation x> + px? + gz + k = 0, show that
a?+ B2+ ~% =p? —2q.

Solution. By Vieta’s formulas, a + 6+ v = —p and af + 87y + ya = q. Therefore,

o+ B2 +7% = (a+ B+7)" = 2(af + by +7a) =p° — 2. O

2015 National Round

Problem 1. If 2™ + py™ + qz" is divisible by 22 — (ay + bz)x + abyz and y, z # 0, show
that

p q
a—n+b—n+1=().

Solution. Since x? — (ay + bz)x + abyz = (z — ay)(x — bz), it follows that both x — ay and
x — bz divide f(x) = 2™ + py™ + ¢z". Therefore, by the factor theorem,

flay) = a"y" +py" +qz" =0,
and
f(bz) =b"2" + py" + ¢z" = 0.

From the above two equations, we have
anyn — Py — _pyn . qzn'

Then the identity we want to prove is just

n n

ya Py qz

q
amn +b7+1: anyn +bnzn +1
A
—(py™ + q=")
=—-141=0. O

Problem 2. A sequence is defined by u; = 1, w41 = u% — kuy,, where k # 0 is a
constant. If ug = 1, calculate the value of k and find the value of

Ul + U2 + U3 + -+ ULQo-
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Solution. First, let’s find the value of k.

up =1, up=1-k and uz=(1—-k)?>—k(1—-Fk)=1-3k+2k*>=1.

Since k # 0, this implies that k = %, and hence ug =1 — % = —%. Now comes the key fact.

Notice that the value of u,4; is determined entirely by u,, i.e. if ug = up, Ug+1 = Upsr1 as
well (Check why this is true.) Therefore, we can deduce that uy = —%, us = 1, and so on.
In general, terms with odd indices are equal to 1 and those with even indices are equal to
—%. Therefore,

| —
(@)
)
(@)
)

1
wtuptuz ot =1-g+l—— o

Problem 3. A rectangular room has a width of x yards. The length of the room is 4
yards longer than its width. Given that the perimeter of the room is greater than 19.2
yards and the area of the room is less than 21 square yards, find the set of possible
values of x.

Solution. The length of the room is x + 4 yards, so the problem conditions give
20 +2(x+4) >19.2 and z(x+4) <21

Solving the first inequality gives x > 2.8. Now let’s solve the second inequality. It is
equivalent to

2? +dr —21 <0 <= (z+7)(z—3) <0.
Therefore, z > 3 and x < —7 or z < 3 and x > —7. The former is absurd, so it follows
that —7 < = < 3. Since x > 2.8 by the first inequality, the solution set is {x yards | = €
R and 2.8 < z < 3}. O

Problem 4. Two dice are thrown. Event A is that the sum of the numbers on the
dice is 7. Event B is that at least one number on the die is 6. Find

1

~

. P(4),
. P(B),
3. P(AN B),

4. P(A) - P(B).

Are A and B independent?

Solution. Let S = {(x,y) | 1 < x,y < 6} be the set where x is the number on the first die
and y is the number on the second die.

1. First, let’s calculate the number of elements of S where x +y = 7. As x ranges from
1 to 6, the value of y must be 7 — x, so there are 6 such pairs. Meanwhile, the total
number of pairs in S is 6 x 6 = 36. Therefore, P(4) = & = 1.
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2. Now let’s calculate the number of elements of S such that at least one of x or y is 6.
When z € {1,2,3,4,5}, y must be 6 so there are 5 such pairs. Now when x = 6, y
can be any number so there are 6 such pairs in this case. Therefore, the total number
of pairs where at least one of z and y is 6 is 5 + 6 = 11. Hence P(B) = %.

3. Out of 6 pairs that satisfy A, it is easy to see that only 2 of them, namely (1,6) and
(6,1) also satisfy B. Therefore, (AN B) = 2 = 1&.

4. This one is a straightforward computation; P(4) - P(B) = ¢ - 3 = 4.

If A and B are independent, then P(AN B) = P(A)-P(B). But obviously this is not true
in our case, so we conclude that A and B are not independent. ]

Problem 5. In AABC, /A = 30°, AB = 8 cm and BC = z cm. If ZC > 30°,
determine the set of all possible values of x.

Solution. Let ¢ be a ray originating at A inclined to line AB at a 30° angle. Let C’ be the
point different from A on ¢ such that Z/BC’'A = 30°.

A

Since ZBCA < 30°, it follows that C' must lie inside segment AC’. Therefore, x < BA =
8 cm. It remains to find the minimum value of . Let D be the foot of perpendicular from
B tol. As x is minimum when C = D,

AB
x> BD = ABsin30° = - =4 cm.

Therefore, the set of possible values of z is {x cm | x € R and 4 < z < 8}. O

Problem 6. Let f(x) be a polynomial with real coefficients. When f(z) is divided
by both x — a and = — b, where a and b are distinct real numbers, the remainder is
a real constant r. Prove that f(z) has also the remainder r when it is divided by
22 — (a + b)z + ab.

Solution. Let g(x) = f(x) —r. By the remainder theorem, f(a) = f(b) = r, so g(a) =
g(b) = 0. This means that z — a and x — b are factors of g(z). Therefore, there exists a
polynomial h(x) such that

52



MMO (Tenth Standard) Solutions by Kyaw Shin Thant 2015 National Round

Since a # b, h(b) = 0 so z—0 is also a factor of h(x). Consequently, there exists a polynomial
k(z) such that h(x) = (x — b)k(z). Substituting into the above expression gives

9(z) = (z — a)(z = b)k(z) <= f(2) = (2° — (a + b)a + ab)k(x) + 1.

Hence f(x) also leaves the remainder 7 when divided by 22 — (a + b)x + ab. O

Problem 7. Three circles are tangent to each other as shown. The two smaller circles
are tangent to chord AB which has length 12 at its midpoint. What is the area of
the shaded region?

Solution. Let the outer circle be w, and the inner two circles be w; and we. Let C', D and
E be points where (w,w1), (w,ws) and (w1, ws) touch each other.

9

Then the area of the shaded region is

m(CD? — CE? — DE?)
4
7((CE + DE)? — CE? — DE?)
4

[w] = fwr] = [wa] =

2n-CE - DFE
4

- AE - BE
2

_ 36m

2
= 18,

where we used the fact that AF - BE = CFE - DFE since A, B, C, D are concyclic. O
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Problem 8. In a sequence, u; = 1, uo = 2 and uz = 3. For n > 4, the nth term wu,, is
calculated from the previous three terms as u, = u,_3 + Up—2 — up—1. For example,
uqg = u1 + uz — uz = 0. By using mathematical induction, prove that uo, 11 = 2n + 1
for all integers n > 0.

Solution. This problem has the same solution as 2015 Regional Round P7. O

Problem 9. In the diagram, AB = BC = 1 and ABC is the diameter of the larger
semicircle. AB and BC' are diameters of the smaller semicircles. What is the diameter
of the circle tangent to all three semicircles?

Solution. Let M be the midpoint of AB. Let the center of the small circle be O and let it
touch the outer semicircle at X. Finally let its radius be 7.

X

¥

A M

Then by the Pythagoras’s theorem,

1 1
r+5=0M=vBO+BM?=/(1-r)?+ .
2

Squaring both sides and solving for r gives r = %, so the diameter of the small circle is %

5
O
Problem 10. A six-digit number is of the form abcabe, where all the digits are nonzero.
Find three different prime factors of that number.
Solution. Let N = abcabc. Then
N = 100000a + 100006 4+ 1000c¢ + 100a + 10b + ¢ = 1001(100a + 10b + ¢).
Since 7, 11 and 13 all divide 1001, they must also be prime factors of V. O

Problem 11. Real numbers a and b are such that a > b > 0, a # 1 and

a2016 + b2016 — a2014 + b2014.

Prove that a? + b2 < 2.
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Solution. Rearranging the given equation gives
a2014(a2 _ 1) — b2014(1 _ b2)
Since a # 1,

1— b2 2014
a2 —

Problem 12. In AABC, AC = 1(AB + BC) and BN is the bisector of ZABC. K
and M are the midpoints of AB and BC respectively. If ZABC = 3, prove that
LZKNM =90° — 1.

Solution. Let I be the incenter of AABC. By the angle bisector theorem,

AB _AN _ AB _CB _AB+CB _AB+BC _,

BC NC AN CN AN+CN _  AC
B

Thus AN = ATB = AK and similarly CM = CN. Since Al bisects ZA, this implies that
Al I KN and similarly CI I M N. Therefore,

JKNM = 180° — ZANK — /MNC = 180° — (90° _ 9) _ (90o - 1) - %—F% — 90° —

B
2 2 2’
O

where o« = ZA and v = ZC.

Problem 13. If the (m —n)th and (m+n)th terms of a geometric progression are the
arithmetic mean and harmonic mean of x > 0 and y > 0, prove that the mth term is
their geometric mean.

Solution. Let the common ratio of the geometric progression be r. It is easy to see that u,,
is obtained by multiplying u,,—, with r for n times, and similarly for w,,+, and w,,. Hence,

Um P — Um+n

um—n um

55



2015 National Round MMO (Tenth Standard) Solutions by Kyaw Shin Thant

Therefore,
r+y 2xy
umzw/um—n‘um-l—n:\/( 2 > <x+y>:‘/[1§‘y
SO Uy, is the geometric mean of z and y as desired. O

Problem 14. Show that the sum of the squares of the lengths of the sides of a
parallelogram equals the sum of the squares of the lengths of the diagonals.

Solution. Let ZABC =6, and let AB =CD =z and BC = AD =y.
A D

B c

Since DA || BC, ZBAD = 180° — . Therefore, by law of cosines in AABC and AABD,
we have
AC? = 2% + y* — 2y cos 0,

and
BD? = 22 + y* — 22y cos(180° — 6).

Adding them gives

AC? + BD? = 22? 4 2y* — 2zy(cos 6 + cos(180° — 6))
= 222 + 2y — 2zy(cos f — cosh)
=222 + 2y2
= AB% + BC* + CD? + DA O

Problem 15. If n is a positive even integer, prove by mathematical induction that
x™ — y" is divisible by = + .

Solution. The base case n = 2 is true since 2 — y?> = (z + y)(z — y). Now suppose that
22k — 92 is divisible by x —y. We must show that 22*+2 — 326%2 is also divisible by x — ¥.
Observe that

p2kH2 o 2k42 _ 2k+2 2, 2k 2 2k

— 222 42y y2kt2 —

y $2($2k _ y2k) _ y2k(w2 _ y2).

But both 22* — y?* and x? — y? are divisible by = + vy, so it follows that z2¢+2 — y2k+2 ig
also divisible by x + y. Hence by mathematical induction, ™ — y™ is divisible by x + y for

all even n. 0
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Problem 16. Prime numbers p, ¢ and positive integers m, n satisfy the following

conditions:
m < p,n < qand L + 4y is an integer.
m n

Prove that m = n.

Solution. Since m < p, it follows that m and p are relatively prime. Similarly, n and p are
also relatively prime. Now since p/m + ¢/n is an integer,

n
M (24 1)
m m n

is also an integer. Since ged(m,p) = 1, by Euclid’s lemma, it follows that m divides n, and
since they’re positive, m < n. Similarly, n < m, so it must be the case that m = n. O

Problem 17. A, B and C are three points on the circumference of a circle, and the
tangent at A meets BC produced at T. Prove that AB?: AC?> =TB : TC.

Solution. Notice that /TAB = /TCA, so NTAB ~ ANTCA.

A

T B\/C’
TB AC _TA AB_AB _ TB _AB
AB TC AC TA AC TC  AC?’

Hence

Problem 18. ABCD is a cyclic quadrilateral. AF is drawn to meet BD at E such
that /BAE = ZCAD. Prove that

1. AABE ~ AACD,
2. AAED ~ AABC,

3. AB-CD+ AD-BC = AC - BD.

Solution. This is known as Ptolemy’s theorem, or more generally, Ptolemy’s inequality.
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A

1. Since ABCD is cyclic, ZABE = ZACD. Combined with the fact that /BAF =
/CAD, this lets us deduce that AABE ~ AACD. Hence

AB AC
ﬁ_C—D@AB-CD_AC-BE.
2. Observe that

/BAC = /BAE + /EAC = LZCAD + LEAC = LEAD,

and ZADE = ZACB. Therefore, AAED ~ NABC'. Similarly to above, AD - BC =
AC - ED.

3. From the similarities,

AC-BD = AC(BE + ED) = AC - BE+ AC - ED = AB-CD + AD - BC. [

2016 Regional Round

Problem 1. In the sequence uq,uo,...,uUy,..., the nth term is defined by wu, =
1-— ﬁ for n > 2. If u; = 3, compute ug, ug and uyg. Write down uggig.

Solution. If up = 3,

Here we see that u; = uyq. Moreover, since each term depends entirely upon the previous
one, it must be the case that if u, = up, ugr1 = upy1 as well. Therefore, us = ug = %,
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Ug = U3 = —%, and so on. In general, the value of w,, is
3 if n=3k+1,
up =93 ifn=3k+2,
—% if n = 3k.
for any positive integer k. In particular, since 2016 is divisible by 3, w2916 = —%. ]

Problem 2. If z and y are positive integers such that 56 < z +y < 59 and 0.9 <
0.91, find the value of 3% — z2.

z <L
Y =

Solution. This is a straightforward inequality manipulation. From the problem, we have
the following inequalities.

56 <zx+y<59 and 0.9y <z <0.91y.
This allows us to bound y.
56 <z+4+y<091ly+y =191y = y > 29.31,

and
59>2x4+y>09y+y =19y =y < 31.06.

Since y is a positive integer, the only possible values are 30 and 31. So we will consider two
cases.
Case 1: y = 30.

In this case, 27 < x < 27.3, so it follows that x = 27. This satifies the first relation, and
thus (z,y) = (27, 30) is a solution pair.
Case 2: y = 31.

In this case, 27.9 < 2 < 28.21 and so x = 28. This also satisifies the first relation, and so
(z,y) = (28,31) is also a solution pair.

Finally, the possible values of 2 — z? are 171 and 177. O

Problem 3. When 15 is added to a number x, it becomes the square of an integer.
When 74 is subtracted from z, the result is a square of another integer. Find the
number x.

Solution. By the problem statement, there exist positive integers y and z such that
r+15=9y> and z—74=2°

Subtracting the two equations gives
v — 22 = (y+2)(y—2) = 89.

But since 89 is a prime, the smaller one of the divisors on the left, i.e. y — z, must be equal
to 1. Therefore, y — z = 1 and y + z = 89. Solving those two equations give y = 45 and
z = 44. Substituting these into the first equation shows that x = 2010. O
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Problem 4. In a rectangle ABCD, the points M, N, P, Q lie on AB, BC, CD and
DA respectively, such that the areas of AAQM, ABMN, ACNP and ADPQ are
equal. Prove that M N PQ is a parallelogram.

Solution. Let [ANAQM| = [ABMN] = [ACNP] = [ADPQ]| = A. Let AQ = a1, BN = b,
CN = Cc1, DQ = dl, and AM = ag, BM = bz, CP = C2, DP = dg.

A a2 M bo B

by
N

ay

Q
dy

C1

D do p @ C
Then we can rewrite the area equality as
aias = b1by = c1co = dido = 2A.
Since the opposide sides of a rectangle are equal, we also have
a;+dy=by+c1 and ag+ by =ca2+do.
We can transform the second equation as follows:

24 24 24 24
=+ =+

al E C1 dil
L S S
al b1_01 d1

1 1 1 1

ar ¢ di by
c1—ar by —d;

aicy bidq

From the first equation, we have a1 — ¢y = by — dy. Therefore,

C1 —ai C1 —a

aicy bidq

1 1
(c1 —ay) <a161 + bldl> =0.

Since the latter bracket is positive, it follows that a; = ¢;. Similarly, we also have by = dj,
as = ¢o and by = dy. Therefore, AAQM = ACNP and ABNM = ADQP. Thus
QM = NP and NM = QP implying that M N PQ is a parallelogram as desired. O

Problem 5. Draw 6 circles in the plane such that every circle passes through exactly
3 centres of other circles.
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Solution. Consider two unit equilateral triangles, separated unit distance apart. Next, we
draw 6 circles with unit radius centered at each of the vertices. It is obvious that each circle
passes through exactly three other vertices. O

L

Problem 6. There are 2016 students in a secondary school. Every student writes
a new year card. The cards are mixed up and randomly distributed to students.
Suppose each student gets one and only one card. Find the expected number of
students who get back their own cards.

Solution. Label each of the students and their corresponding cards from 1 to 2016, and call
a student fized point if they receive their own card. By the definition of expected value,

2016
E[number of fixed points| = Z i - Pr(number of fixed points is )
i=1

_ 2021:6 i - number of distributions with ¢ fixed points

pt total number of distributions

total number of fixed points over all distributions

total number of distributions

Consider a table, consisting of a row for each distribution of cards (An example for 3 students
is provided below.) The total number of fixed points in this whole table can be found by
finding the number of fixed points in each column, and then summing them. For each
student 7, there are 2015! ways to permute the other 2015 students. Therefore, the number
of distributions where student 7 is a fixed point is 2015!. Since there are 2016 columns, the
total number of fixed points in the whole table is 2016!.
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Students

N[N = W~ W NN
N~ N — W N Wl w

DLW W DN N — = =t

Number of fixed points

Finally, since the total number of distributions is also 2016!, it follows that the expected
value is 1. 0

Problem 7. The points P, A, B lie in that order on a circle with center O such
that ZPOB < 180°. The point @ lies inside the circle such that ZPAQ = 90° and
PQ = BQ. If ZAQB > LAQP, prove that LZAQB — LZAQP = LZAOB.

Solution. Let M be the midpoint of BP.

Since APQ B is an isosceles triangle, ZQM P = 90° = ZQAP so QAPM is cyclic. Moreover,
LPQM = ZM@QB. Therefore,

ZAQB—/AQP = 360°—2/PQM —2/AQP = 2(180°— LAQM) = 2/APB = ZAOB. O

Remark. There are configuration issues depending on ) being inside or outside of AOPB,
but the proof is more or less the same so we will not mention them here.

Problem 8. A fair die is thrown three times. The results of the first, second and
third throw are recorded as x, y and z respectively. Suppose that x + y = z. What
is the probability that at least one of z, y and z is 27
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Solution. Since the value of z is automatically determined by those of x and y, we only need
to consider the possible outcomes of x and y. The following table summarizes the possible
triples of (x,y, 2) satisfying  +y = z. In addition, those that doesn’t satisfy x,y,z < 6 are
greyed out.

] 1 2 3 1 5 6
1 | (1,1,2) | (1,2,3) | (1,3,4) | (1,45) | (1,5,6)

2 | (2,1,3) ] (2,2, 4) [ (2,3,5) | (2 4,6)

3 [(3,1,4) (3,25 (33,6

4 [ (4,15 426

5 | (5 1, 6)

6

It is easy to see that the number of desired triples (those in which at least one component
is 2) is 8 and the total is 15. Thus the probability is %. O

Remark. This problem asks for the probability that at least one of x, y, z is 2, given that
x +y = z. This is not the same with the probability that x 4+ y = z and at least one of =,
Y, z is 2, which would be 6%.

Problem 9. An arithmetic progression and a harmonic progression have a and b for
the first two terms. If their nth terms are x and y respectively, show that (z — a) :

(y—a)=0b:y.

Solution. Since a, b are the first two terms of a HP, %, % are the first two terms of an AP.

The first term of this AP is é, and the common difference is % — %, so the nth term of this

AP is 1 <1 1) b+ ( 1)(a—b)
Un=a+(n—1) - _Z) = n—1)la—

b a ab ’
which means that the nth term of the HP is

ab
+(n—1)(a—0b)

y:b

Meanwhile, the nth term of the AP is z = a+ (n — 1)(b — a). Therefore,

o . ab
- (n—=1)(b—a)~+ <b+(n1)(ab) _a>
=Mn-1)(b-a)- b(j(?in—_l)lgb(i;)b)
_b+(n—-1)(a-b)
_b “ )
=
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Problem 10. Mr. Game owns 200 custom-made dice. Each die has four sides showing
the number 2 and two sides showing the number 5. Mr. Game is about to throw all
200 dice together and find out the sum of all 200 results. How many possible values
of this sum are there?

Solution. Suppose that in a throw, there are n dice that show 2, and 200 — n dice that show
5. Then the sum of their values is 2n 4+ (200 — n)5 = 1000 — 3n. Obviously, for different
values of n, the sum is also different. Since n can range from 0 to 200, this means that the
sum can also have 201 different values. O

Problem 11. U Tet Toe wants to repair all 4 walls of his room. He has red paint,
yellow paint and blue paint (which he cannot mix), and wants to paint his room so
that adjacent walls are never of the same colour. In how many ways can U Tet Toe
paint his room?

Solution 1. Let R be the number of colourings where the top wall is red. Since there are
three possible colours for the top wall, by symmetry, the total number of colourings is 3R.
Now let Ry be the number of colourings where the top wall is red and the right wall is
yellow. Since the right wall can be yellow or green, again by symmetry, R = 2R;. Now let’s
count R;. The left wall can either be yellow or green. If it is yellow, then the bottom wall
can be either red or green, which gives 2 colourings. If it is green, then the bottom wall
can only be red, which gives 1 colouring. Hence, in total, Ry = 3, so the total number of
colourings is 3R = 6R; = 18. O

Solution 2. We just need to find the chromatic polynomial of the cycle graph of 4 vertices,
Cy. By deletion-contraction,

P(Cy,3) = P(Py,3) — P(C3,3),

where P, denotes the path graph with 4 vertices. We will first find P(Py,3). There are
3 choices for the first vertex and 2 choices each for the remaining vertices. Therefore,
P(P5,3) =3-2-2-2 = 24. Next, let’s find the value of P(Cs3,3). There are 3 choices
for the first vertex, 2 choices for the second vertex, and only 1 choice for the final vertex.
Therefore, P(C3,3) =3-2-1 = 6. Hence there are 24 — 6 = 18 ways in which U Tet Toe
can paint his room. O

Problem 12. Given an equilateral triangle, what is the ratio of the area of its cir-
cumscribed circle to the area of the inscribed circle?

Solution. Let O be the circumcenter of the equilateral triangle ABC and let the incircle
touch side BC at D.
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A

Due to the symmetry, O is also the incenter of AABC. Since ZOBD = 30°, AOBD is a

30°-60° right triangle, and OB : OD = 2 : 1. Therefore, if we let the area of the circumcircle
by A; and that of the incircle by As,

A1 7TOB2
4, n0D? =4. Ul

Problem 13. Solve the equation v/322 — 8z + 1 + v/922 — 242 — 8 = 3.

Solution. Let u = 322 — 8z 4+ 1. Then we can rewrite the equation as
Vu+V3u—11=3
Squaring both sides to remove the square roots gives
u+43u—11+42uv3u—11=9
2u — 10 = —y/u(3u — 11)

Squaring again, we have

4u? — 4u + 100 = 3u® — 11u
u? —29u +100 =0
(u—25)(u—4)=0

which shows that u = 4 or u = 25. It is easy to check that u = 25 does not satisfy the
equation, so u = 4 must be the only solution. Finally,

322 —8r4+1=4= (2 —3)(3z+1)=0.
and hence x =3 or x = —

ol

Problem 14. Prove by mathematical induction that

1
12+32+52+72+---+(2n—1)2:§n(4n2—1).
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Solution. We will show this by induction. For the base case, when n = 1, both the left hand
side and the right hand side are equal to 1, so the identity is true. Now suppose that for
n==k,

k(4k?* —1

Then when n =k + 1,

12 +3% 4.+ (2k+ 1) = %k(4k2—1)+(2kz+1)2
= %(k:(Qk +1)(2k — 1) + 3(2k + 1)?)
= %(% +1)(2k* — k + 6k + 3)
_ %(2k+1)(2k+3)(k+1)
= é(k + 1) 4k +1)% 1)

and so the identity is true for n = k£ + 1. Hence by mathematical induction it follows that
the identity is true for all n € N. ]

Problem 15. In how many ways can 7 identical T-shirts be divided among 4 students,
subject to the condition that each is to get at least 1 T-shirt.

Solution. This is a classic example of stars and bars.

Label the students from 1 to 4. Suppose that we have all 7 T-shirts lying in a line, and
we want to divide them up into 4 sections corresponding to each student. One way to do
this would be to use 3 dividers, and insert them in the gaps between the shirts, so that the
first section corresponds to student 1, the second section corresponds to student 2, and so
on. Since each student gets at least one T-shirt, this means that there can only be at least
one divider in each gap. The number of ways to insert 3 dividers in 6 gaps is (g) = 20.
Therefore, there are 20 ways to distribute the T-shirts.

Problem 16. AABC has AB > AC. A line DEF, equally inclined to AB and
AC, is drawn, meeting AB at F, AC' at £ and BC produced at D. Prove that
BD: DC = BF :CE.

(Hint: Draw BG || CE meeting DF produced at G.)

Solution. Some angle chasing gives us
/BFG =/AFFE = /AEF = /BGF,

from which we get that BF = BG. Since CE || BG, we see that

DB _ BG _BF
DC CE CE’
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Problem 17. The sum of the two smallest positive divisors of a positive integer N is
6, while the sum of the largest positive divisors of N is 1122. Find N.

Solution. Let the two smallest and largest positive divisors be dy, do, ds3, d4, with d; <
dy < d3 < d4. Then since d; is the smallest divisor of N, it must be 1. Similarly, since d4
is the larget divisor of N, it must be IV itself. Now the problem gives us dy + do = 6 and
ds + d4 = 1122, which shows that

d2:5 and d3:1122*N.

But since ds is the second smallest divisor and dg is the second biggest divisor, deds = N.
Hence
5(1122 — N) = N = N = 935. ]

Problem 18. If p, ¢ and r are prime numbers such that p < ¢ < r and their product
is 19 times their sum, find p(q + 7).

Solution. Let =, y and z be primes such that zyz = 19(z + y + z). Then since 19 | zyz and
x, Yy, z are primes, one of them must be 19. WLOG, suppose that = 19. Then,

yz=194+y+z= (y—1)(z — 1) = 20.

Remember that y and z are both positive integers. This means that y — 1 and z — 1 are
both positive divisors of 20. Hence

y—1]2z—-1
1 20
10
4 )
5 4
10 2
20 1

Checking these cases, we see that (y,z) = (11,3) or (3,11). Hence (z,y, z) can be any per-
mutation of (19,11, 3). Adding the size condition gives (p,q,7) = (3,11,19). Consequently,
p(q+ 1) =90. O
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2016 National Round

Problem 1. The sequence log;5 162, log;5 z, log, y, log;5 2, log,5 1250 is an arithmetic
progression for real numbers z, y and z. What is x?

Solution. The first term of this AP is log;, 162, and the common difference is log;, z —
log15 162 = logy (7%5). Then the nth term w,, is

T xn—l xn—l
Up = 10g12 162 + (n — 1) 10g12 (@) = 10g12 ].62 + 10g12 (1627’Ll> = 10g12 (162”2> .

Since the 5th term is logs 1250, we have

xt . , 541624

Problem 2. A triangular array of 2016 coins has 1 coin in the first row, 2 coins in
the second row and 3 coins in the third row, and so on up to N coins in the Nth row.
What is the value of N?

Solution. The number of coins up to Nth row is

N(N +1)

L4243+ +N=——

Since this is equal to 2016, we see that
N% 4+ N = 4032 <= (N + 64)(N — 63) = 0.

As N is positive, it follows that N = 63. O

Problem 3. Tu Tu cuts a circular paper disk of radius 12 cm along two radii to form
two sectors, the smaller having a central angle of 120°. He makes two circular cones,
using each sector to form the lateral surface of a cone. What is the ratio of the height
of the smaller cone to that of the larger?

Solution. Let rq, s1 and h; be the radius, slant height and height of the smaller cone. Define
ro, So and ho for the bigger cone respectively.
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First, we need to know the base circumference c¢; of the smaller cone. This is the same as
the circumference of the smaller sector. Since its central angle is 120° and radius is 12 cm,
it follows that the circumference is

120°
o= 680 (2)(7)(12) = &7 cm.
Therefore,
c1
rr=— =4 cm.
2

Meanwhile, the slant height of the smaller cone is the same as the radius of the smaller sector
which is equal to 12 cm. Therefore, by Pythagoras’s theorem, the height of the smaller cone

is
=\/s? -1} =122 — 42 = V128 cm.

Similarly, we can compute that hy = v/80 cm. Therefore,
128
2-/B :
80
Problem 4. The sequence uj, ug, us, ... has the property that every term beginning

with the third is the sum of the previous two terms. That is,
Up = Up_9 + Up_1 for n > 3.

Suppose that ug = 110 and uy = 42. What is uy4?

Solution. First, we have ug = ug — uy = 110 — 42 = 68. Now we can calculate all the terms
backwards as follows:

ug = ug — uy = 68 — 42 = 26
u5:u7—u6:42—26:16
u4:u6—u5:26—16:10. ]

Problem 5. Line ¢; has equation 3z — 2y = 1 and goes through A = (-1, —2). Line
l5 has equation y = 1 and meets line ¢; at point B. Line ¢35 has positive slope, goes
through point A and meets ¢ at point C. The area of AABC is 3. What is the slope
of line /37

Solution. Since B is the intersection of ¢ and ¢s, its z-coordinate satisfies
3r—21)=1=2=1.

Therefore, B = (1, 1). Notice that the perpendicular distance from A to ¢3 is 1 — (—2) = 3.
As the area of triangle ABC' is 3, this means that

2[ABC]

BC =
¢ 3

=2
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Since C' also lies on g, there are only two possible positions that C' can be, namely (—1,1)
or (3,1). When C = (—1,1), the line /3 is actually vertical, so the slope is undefined.
Therefore, C' = (3,1). Then the slope of {3 is

1-(-2) 3
T 3—(-1) 4

m

Problem 6. In AABC, AB = 13, BC = 14 and C A = 15. Distinct points D and F
lie on segments BC and C'A respectively such that AD | BC and DE | AC. Find
the exact length of segment DFE.

Solution. By law of cosines in AABC,

a?+b?—c? 147 +152—-132 3

4 = = —.
cos £C 2ab 2-14-15 5
A
E
-
B D C

Since cos ZC > 0, this also shows that ZC' is acute. Therefore,

Now we can compute C'D.

C’D:ACCOSZC:K)-%:Q

Therefore, finally,
-4
DE:C’DSiHAC’:gT:%. ]

Problem 7. In AABC, AB =6, BC =7 and CA = 8. Point D lies on BC' and AD
bisects ZBAC. Point E lies on AC and BE bisects ZABC. The bisectors intersect
at . Find the ratios AF : FD and BF : FE.
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Solution. By the angle bisector theorem, BD : DC = BA : BC, so
AB AC  AB+ AC _6—i—8_2
BD CD BD+CD 7 7

C

A B

By angle bisector theorem again, AF : FD = AB : BD = 2. In a similar way, it is easy to

see that
BF _BA_BA+BC _13 .
FE AE  AC  8§°

Problem 8. The sum of an infinite geometric series is a positive number S, and the
second term in the series is 1. What is the smallest possible value of S?

Solution. Let a and r be the starting term and common ratio of the geometric series. Then

arzlsoa:%. Then,
a 1
S = = .
1—r r(l—r)

Now observe that

1
r(l—r)

1\° 1
(r—2> ZO:>T(1_T)§1:>S: > 4.

Therefore, the minimum value of S is 4, attained when r = % and a = 2. O

Problem 9. Prove that vab + vabc < +(a + 4b + 4c) for all positive numbers a, b
and c.

Solution. By the AM - GM inequality,

Yave= % ot 3% p.ge< t (8 1a _1
Vab + abc—\/2 2b+\/4 b 40_2(2+2b>+3<4+b+4c)—3(a+4b+4c),

and the equality occurs if and only if a = 4b = 16¢. O
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Remark. The solution above may seem like it came out of nowhere at first glance, so I will
try to give a motivation. It is pretty tempting to use the AM - GM inequality, since both
Vab and Vabc appear on the smaller side. But straightup using AM - GM turns out to be
not strong enough, so we partition the larger side more carefully. This is done by considering

variables such that A

+ L + 1 d t

- — = — 11 = —
pTq 3’ rTs 3 a 3
and applying AM-GM to the two terms pa + rb and gqa + sb 4 tc. Doing so yields

1 .
g(a +4b + 4c) = (pa + b) + (qa + sb + tc) > 2\/pr - Vab + 3/qstVabe.

We want 2,/pr = 3¥/¢gst = 1, and this gives us four equations.

p—i—q:% (1)

r—l—s:g (2)

=1 3)
1

g5 = g (4)

From now on it’s just traditional equation solving. But I actually failed at this part and
had to look up the solution online because I'm absolutely terrible at solving equations’.

Anyway, substituting r = ﬁ and s = ﬁ into equation (2) gives us
1 1 4
— 4+ — = - = 27q¢ + 3p = 144pq.
3603 q+3p pq

Substituting 3p = 1 — 3¢ gives us the following quadratic,
144> —24¢+1=0= (12¢ - 1)2=0

).

o=

which gives us ¢ = % Consequently we obtain (p,q,r,s) = (%, %, 1,

Problem 10. Eight people are sitting around a circular table, each holding a fair coin.
All eight people flip their coins and those who flip heads stand while those who flip
tails remain seated. What is the number of ways that no two adjacent people will
stand?

Solution. Note that this number is the same as the number of ways to choose a set of people
from the table such that no two people in the set are adjacent to each other?. In fact, we
will solve the following more general problem. The original problem is the special case when
G is the cycle graph Cg.

!That’s what happens when you avoid solving any algebra problem for a whole year.
2Such a set is called an independent set.
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Reformulation. Let G be a graph. What is the number of ways to choose a set of
vertices of G, such that none of them are connected by an edge?

Let f(G) be the number of ways. We will use a deletion-contraction style argument here
to find a recursion for f.

Claim. Let v be any vertex of G, and let N|[v] be the set of vertices connected to v, including
v. (This is also called the closed neighbourhood of v.) Then

f(G) = f(G —v)+ f(G = N[v]).

Proof. For a vertex v, we can interpret f(G) as the sum of the following two values: the
number of ways where v is not included, and those where v is included. The first one is easy,
this is the number of ways to choose vertices from G excluding v, or equivalently f(G — v).
For the second one, notice that once we choose v, we can’t choose any of the vertices from
N[v]. Therefore, the number of ways to do this is f(G — Nv]). Combining these gives us
our claim. ]

Now going back to our problem, take a vertex v of Cg. Then applying our claim gives us

f(Cs) = f(P7) + f(P5)

where P, is the path graph with n vertices. We can do the same thing repeatedly to find
the values of f for Ps and Pr, so I'll only show how to find f(P5). The main idea remains
the same, break down the graph until it becomes feasible to find the values of f manually.
In the following, we always remove the left most vertex.

f(P5) = f(Py) + f(P3)
= f(P3) + f(P2) + f(Ps)
=54+3+5
=13.

Similarly, we have f(P7) = 34. Hence f(Cs) = 47. O

Remark. From the recurrence we got, it is not hard to prove that f(P,) = F,,41 where F,
is the nth Fibonacci number.

Problem 11. Let ABCD be a cyclic quadrilateral and let the lines C'D and BA meet
at E. The line through D which is tangent to the circle ADFE meets the line CB at
F. Prove that ACDF is isosceles.

Solution. Let G be a point on line F'D such that D is between F' and G.
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E

F B\_/C’
Then since DG is tangent to (ADE),

LFDC = ZGDE = ZDAFE = ZDCF. O

Problem 12. Prove that n® — n is divisible by 24, for all odd integers n.

Solution. Let n = 2k + 1 for some integer k. Then the expression can be factorized as
nd—n=nn?>-1)=nn+1)(n—1)=2k(2k +1)(2k + 2) = 4k(k + 1)(2k + 1).

Since 2k, 2k 4+ 1 and 2k + 2 are three consecutive integers, one of them must be divisible
by 3. Therefore, their product, n® — n, is divisible by 3. Similarly, k¥ and k + 1 are two
consecutive integers, so one of them must be divisible by 2. Therefore, 4k(k + 1) is divisible
by 8 and hence n3 — n is also divisible by 8. Since n — n is divisible by both 8 and 3, it is
divisible by their least common multiple which is 24. O

Problem 13. In how many ways can 7 paintings be posted on a wall,
1. if 3 of the paintings are always to appear altogether,

2. if 3 of the paintings are never to appear altogether?

Solution. The second part can be a bit ambiguous, but here I will also count the arrange-
ments where 2 of the 3 paintings are together.

1. Consider 3 paintings that are to be together as a block. Then there are 5! = 120 ways
to permute the 4 remaining paintings and the block. In addition, there are 3! = 6 ways
to permute the 3 paintings in the block. Therefore, there are a total of 120 -6 = 720
ways to permute 7 paintings such that 3 of the painting always appear together.
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2. This is just the total number of arrangements minus the number of permutations where
those three paintings are together, which is equal to 7! — 720 = 5040 — 720 = 4320. [

Problem 14. A box contains 2 red marbles, 2 green marbles, and 2 yellow marbles, Mg
Gyi takes 2 marbles from the box at random; then Mg Latt takes 2 of the remaining
marbles at random; and then Mg Nge takes the last 2 marbles. What is the probability
that Mg Nge gets two marbles of the same colour?

Solution. Let a draw be an arrangement of 6 marbles, where the first 2 are the ones chosen
by Mg Gyi, the 3rd and 4th are the ones chosen by Mg Latt, and the last 2 are the ones
chosen by Mg Nge.

We will first find the number of all possible draws. Since there are 2 identical marbles for
each colour and there are 3 colours, this is equal to

6!
o
Now let’s find the number of draws whose last two marbles have the same colour. WLOG,

suppose that this colour is red. Then there are 2 green marbles and 2 yellow marbles
remaining, so the number of ways to permute them in the first four places is

4!

2121
Similarly, the number of draws where the last two marbles are green and that where the
last two marbles are yellow are also 6. Therefore, the number of draws where the last two

6.

marbles are of the same colour is 18.

Hence the probability is % = % O

Problem 15. Prove by mathematical induction that
B4+28 48+ +nd=(1+2+3+ +n)?

for all positive integers n.

Solution. For the base case n = 1, both the left and right hand sides are equal to 1 so the
identity is true. Suppose that it is true for n = k. Then when n =k + 1,

2
13+23+---+k3+(k+1)3:<k<k;n> +(k+1)°
(k+1)%(k? + 4k + 4)
4
(kD) (k+2)\
()
=(1+2+-+k+(k+1)?

so the identity is also true in this case. Hence the identity holds for all positive integers n.
O
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Problem 16. If one of the roots of the equation:

ar® + b’ +cx+d=0

is the geometric mean of the other two roots, prove that ac® = b3d.

Solution. Let p, ¢, r be the roots of the equation, and suppose that ¢> = pr. Then by

Vieta’s formulas,
b
prq+r=-——,
a
c
pPq+qr+rp= 2

d
pqr=——.
a
Therefore,

a

b

pq +qr+rp

- p+qg+r

 pgtqr+4®

T ptaqtr
qlptg+r)

ptq+r

S
ISH e

Finally,
d

— = —q :—pQT:7:>a03:b3d.
a

Problem 17. Let f be a function such that

2 f(z) + f <$ — 1) = 222,

T

for all real numbers z # 0 and z # 1. Find the value of f (%)

Solution. Substituting x = 2, x = % and x = —1 gives the following 3 equations.

1)+ f(3) = 0
i (5) +ren =3, @)
F1) @) =2 )
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Solving them gives

(1)~ 4% (3) = 7(3) -0 =0 ()
1x(2) = 1(3) +ar-n=2 )
@)+ (5) = 21 (3) =2 0

f (;) = 1. O

2017 Regional Round

Problem 1. The four digit number ABC'D is such that ABCD = Ax BCD+ ABC x
D. Find the smallest possible value of ABC'D. (Here ABC'D means 1000 x A+ 100 x
B+10xC+D.)

Solution. The key here is that we only need to find the smallest value of ABC'D. So let
A =1. Then

1BCD = BCD +1BC -D = 1000 = 1BC - D.

Since D < 10, D can only be 2, 4, 5 or 8. In these 4 cases, it is easy to see that only 8 gives
solutions B = 2 and C' = 5. Therefore, 1258 is the only number starting with 1 that satisfies
the given equation. Since the next number that also satifies the equation must start with
2, this must be the smallest value of ABCD. O

Problem 2. Find the remainder when 20172017201720172017201720172017 is divided
by 72.

Solution. Consider the number N = 20172017201720172017201720172000. Since the last
three digits of this number are all zeroes, N must be divisible by 8. Also since the sum of
digits of N is divisible by 9, N must be divisible by 9. Since 8 and 9 are relatively prime,
by lemma 4.2, it follows that NN is divisible by their least common multiple which is 72.
Therefore, N 4 17 leaves a remainder of 17 when divided by 72. 0

Problem 3. Show that for all real numbers z, y, z and w,

sin(z — w) sin(y — 2z) + sin(y — w) sin(z — ) + sin(z — w) sin(x — y) = 0.

Solution. Remember the indentity

1
sinasinb = §(cos(a —b) —cos(a+1D)).
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Applying this to the left hand side gives
sin(z — w) sin(y — z) + sin(y — w) sin(z — x) + sin(z — w) sin(x — y)
= %(cos(x—i—z—y—w)—cos(az—i—y—z—w)+cos(fc+y—z—w)
—cos(y+z—x—w)+cos(y+z—x—w)—cos(x+z—y—w))
=0. O

Problem 4. Two circles intersect at A and B. A common tangent to the circles
touches the circles at P and Q). A circle is drawn through P, Q and A, and the line
BA produced meets this circle again at C. Join CP and C@, and extend both to
meet the given circles at F and F respectively. Prove that P, (), E, F' are concyclic.

Solution. Most of the conditions in this problem are unnecessary. Since PABE and QABF

are cyclic,
CP-CE=CA-CB=CQ-CF,

and so P, @, F, F are concyclic. ]

Problem 5. If z > 1, prove that 2® — 522 4+ 8z — 4 > 0.

Solution. Since x — 1 > 0,
23 -5t + 8 —4=2% -2 — 42’ 48z —4
=2%(x—1) —4(z — 1)
=(z—1)(2* —da +4)
= (z—1)(z —2)?
> 0. O
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Problem 6. Let u1,us2,us, ... be a sequence of real numbers such that uq > 2 and
2
Unp+1 = 1+ —
Unp

for n > 1. Prove that uo,_1 + ug, > 4 for all n > 1.

Solution. We will first prove by induction that us,_1 > 2 for all n. The base case n =1 is
given to be true, so suppose that this is true for n = k. Then

Uk = 1+ <141=2

U2k—1

2
U2]€+1:1+u72k>1+1:2

so this is also true for n = k 4+ 1. Hence by induction, ue,_1 > 2 for all n € N.
Now the given inequality is equivalent to

< Udp—1 + Up > 4
— Ugp—1 + 1+ >4
U2n—1
< U%n,1 + 2 > 3uon_1
<~ (UQn_l — 2)(UQn_1 — 1) >0
which is true as ug,—1 > 2. ]

Problem 7. Let a, b, ¢ be positive numbers such that ab + bc + ca + abc = 4. Prove

that
1 1 1

atr2 b1z Tera

and
a+b+c>3.

(You can use the following result: If z, y, z are positive numbers, then % >

Y/7vz)

Solution. First, add a + b+ ¢+ 1 to both sides to get
l1+4a+b+c+ab+bc+ca+abc=a+b+c+5.
We can factorize the left hand side as follows:

(a+1)b+1)(c+1)=a+b+c+5.
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Now let u =a+ 2, v =0+ 2, and w = ¢+ 2. Then this can be rewritten as

= (u—1wv-—NDw-1)=u+v+w-1
<= ww—uv —vw—uw+tut+v+w—1l=u+v+w-—1
<= UVW = UV + VW + uv

1 1 1
<= —4+-4+—-—=1

U v W

1 1 1

<

=1
a+?2 + b+2 + c+2
which is what we wanted. Now applying the AM-HM inequality gives us

3 wtety 1
Hence,
ut+tv+w>9<«<=a+b+c>3. O

Problem 8. On each side of a triangle, there are 4 distinct points other than triangle’s
vertices. Determine the number of triangles having the vertices at 3 of these 12 points.

Solution. There are two different types of triangles we have to count: (1) triangles with all
three vertices on different edges, and (2) triangles with exactly two vertices on the same
edge.

Let’s count the number of triangles of the first type. There are 4 ways to choose a vertex
on each edge of the given triangle, and there are 3 edges so the number of triangles of type
lis4 x4 x4=064.

Now let’s count the number of triangles of the second type. There are three edges for
which those two vertices can lie on. Out of 4 vertices on that edge, there are 6 ways to choose
the 2 vertices of the triangle. Finally the remaining vertex of the triangle can be chosen
from the remaining 8 points of the given triangle. Hence the total number of triangles of
type 2 is 3 X 6 x 8 = 144.

Therefore, the total number of triangles is 64 + 144 = 208. O

Problem 9. Two red dice and one blue die are thrown. What is the probability that
the sum of the scores on the red dice is equal to the score on the blue die?

Solution. Let the ordered pair (x,y, z) denote the dice throw where z, y and z are numbers
on the first red die, second red die and the blue die respectively. Now there are 6 possibilties
for each of x, y and z, so the total number of such ordered pairs is 63 = 216. We need to
find the number of ordered pairs (x,y, z) such that  +y = z. If 2 = k, then x can range
from 1 to k — 1. Notice that the value of y is determined once we choose x and z, so there
are k — 1 pairs such that © + y = k. Since z can range from 1 to 6, this means that there
are a total of
0+14+2+34+44+5=15
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ordered pairs such that x +y = z. Therefore, the probability that x +y = z is % = %
O

Problem 10. N is a two-digit number and 2/N also has two digits. If N equals 2
times the sum of digits of 2/V, find all possible values of N.

Solution. Suppose that 2N = 10a 4+ b. Then the problem condition gives
1
2(a+b) =N = 5(10a+b) = 2a =0b.
Since b is an even integer, b can only be 2, 4, 6 or 8. Checking these values, we see that only

b = 2 causes N to be a one-digit number so we can discard it. Thus the possible values of
N are 12, 18 and 24. O

Problem 11. In the figure, AD || BC, AB = BC = CD = 1AD and AAPD is
equilateral. BP and CP cut AD at @ and R respectively. If the area of AAPD is
12, find the area of the trapezium BQRC.

Solution. Let M be the midpoint of segment AD. Then AM = BC, so AMCB is a
parallelogram. Therefore, MD = CD = AB = MC, so AMCD is equilateral. Similarly,
AMAB is also equilateral.

P

AVATA

T

Let lines AB and CD intersect at T. Then as Z/TAD = Z/TDA = 60°, it follows that
ATAD is equilateral too. This means that AAPD = NATD. It is also easy to see that B
and C are midpoints of AT and BT.

Now notice that AABP and ATBP have the same area because B is the midpoint of
AT. Similarly, ADCP and ATCP have the same area. Hence the area of quadrilateral
PBTC is half the area of quadrilateral PAT D, which is equal to 12. Meanwhile the area
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of ABCT is a quarter of the area of AT AD, so it is equal to 3. Hence the area of APBC
is12—-3=09.

Since QR || BC, APQR ~ APBC. As the ratio of their heights is 2 : 3, the ratios of
their areas must be 4 : 9, and hence APQR has area 4. Finally, the area of quadrilateral

BCRQ@ is 9 — 4 = 5. O
Problem 12.
1 1 1 1 _ n-1
2. Show that for every integer n > 2, there exist positive integers x1, x2, 3, ..., Ty
so that
1 1 1 1
—=F=F=FccocgF==1
I i) T3 In
Solution. It is easy to see that in general the nth term has the form m This can be
written as
1 n+1-—n 1 1

nn+1) nn+1) n nt+1

Therefore, the sum is

1 n 1 T 1 _1 1 . 1 1 T 1 1
I1x2 2x3 (n—1)n 2 2 3 n—1 n
1
—1-=
n
~n—1
=
Now take x; = ﬁ for 1 <7 <n-—1. Finally, take z,, = % Then from the above, we have
1 1 1
—+ =+ +—=1
1 X2 Tn
as desired. ]
Remark. You can also take 1 = x9 = -+ = x,, = n for the second part. Unfortunately,

there isn’t a good way to fix the problem so that it does not include trivial solutions.

Problem 13. Let a, b, ¢, d, e be five prime numbers forming an arithmetic progression
with a common difference of 6. Find the smallest possible value of a + b+ ¢+ d + e.

Solution. It is easy to see that 5, 11, 17, 23, 29 is such an arithmetic progression. In this
case, a+b+c+d+e = 85. Now suppose that a is lower than 5. Then it must be either 2 or
3. But when a = 2, b = 8 is not a prime, and when a = 3, b = 9 is also not a prime, Hence
a is at least 5, which means that 85 is indeed the minimum value of a +b+c+d+e. [
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Remark. In fact, we can even show that 5, 11, 17, 23, 29 is the only such AP. Observe
that a,b,c,d,e = a,a+ 1,a+ 2,a + 3,a + 4 (mod 5). This means that one of them must
be divisible by 5 and since all of them are primes, this means that it must be equal to 5.
However, b, ¢, d and e are all greater than 5, so a = 5.

Problem 14. Function f: R — R satisfies
(a—=b)fla+b)+(b—c)f(b+c)+ (c—a)f(c+a)=0,

for all a,b,c € R. For z € R, letting a = 4(z — 1), b= 3(z+ 1) and ¢ = (1 — x),
show that f(z) = Az + B where A = f(1) — f(0) and B f(0). Conversely, show
that the function f : R — R defined by f(z) = Az + B, where A and B are constants,
satisfies the given equation.

Solution. Letting a = 3(z — 1), b= 3(z+ 1) and ¢ = (1 — z), we see that

(a=b)fla+b)+(b—c)f(b+c)+(c—a)f(ct+a)=

(f(1) = £(0)) + £(0)

where A = f(1) — f(0) and B = f(0). Now suppose that f(x) = Az + B for some constants
A and B. Then

(a=b)fla+b)+(b—c)f(b+c)+ (c—a)f(c+a)
=(a—b)(A(a+b)+B)+(b—c)(A(b+c¢c)+ B)+ (c—a)(A(c+a) + B)
= A(a® — b*) + Ba — Bb + A(b* — ¢*) + Bb — Be+ A(¢? — a®) 4+ Be — Ba
=0. O

Problem 15. In a trapezium ABCD, with AB || CD, there are two circles with
diameter AD and BC' respectively. Two circles do not intersect each other. Let X
and Y which do not lie in ABC'D be two points on each of the circles. Show that

XY < =(AD + AB + DC + BC).

L\DM—A

Solution. Let M and N be the midpoints of AD and BC. Then by triangle inequality,
XY < XN+ NY<XM+ MN + NY.

We also have to include equality cases too, as triangles can be degenerate. Anyway, since
MN = %(AB + DC), the right hand side is equivalent to

1
XM +MN +NY = _(AD + AB + DC + BC),

which is exactly what we want. O
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Problem 16. If o, 3 and « are roots of the equation z3 + az? + bz + ¢ = 0, evaluate

Solution. By Vieta’s formulas,
atf+v=—aqa,
af + By +ya =0,
afy = —c.
We can now calculate both of the quantities. First,
o’ + 2+ 9% = (a + B +7)* — 2(aB + By + ya) = a® — 2b.
Next,
3 3 3 _ 2 2 2
a’+ % +79° = (a+ B+y)(a”+ 57+ —af — By —ya) + 3aby
= (—a)(a® —2b—b) — 3c
= —a® + 3ab — 3c. O

Problem 17. Prove by mathematical induction, that 32" 4+ 7 is divisible by 8 for all
n > 1.

Solution. For the base case n = 1, it is easy to see that 32 4 7 is divisible by 8. Now assume
that 32% + 7 is divisible by 8. Then

32041 L7 = 9(3%%) + 7
9(3%) + 63 47— 63
9(3% 4+ 7) — 56.

Since both 3% 4 7 and 56 are both divisible by 8, it follows that 32(:+1) 4+ 7 is also divisible
by 8. Therefore, by mathematical induction, 32" +7 is divisible by 8 for all natural numbers
n. O

Problem 18. FEach vertex of convex polygon ABCDE is to be assigned a colour.
There are 6 colours and the ends of each diagonal must have different colours. How
many different colourings are possible?
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Solution. Consider the graph G formed by the diagonals of the pentagon. We just need to
find the chromatic polynomial of this graph. Notice that this graph can be ‘unfolded™ to
form a regular pentagon C5. Of course, the chromatic polynomial of this graph does not
change in this process. By deletion-contraction,

P(Cs,6) = P(Ps,6) — P(C4,6).
We can use deletion-contraction again on P(Cy, 6) to get
P(C5, 6) = P(Ps, 6) — P(P4, 6) + P(Cg, 6).

At this point, we can just calculate each term manually. For P(Ps,6), there are 6 colour
choices for the first vertex, and 5 choices each for the other vertices. A similar thing is true
for P(Py,6). Finally, for P(Cs,6), there are 6 choices for the first vertex, 5 choices for the
second vertex and 4 choices for the third vertex. Therefore,

P(C5,6) =6-5"—6-5% +6-5-4=23120. O

2017 National Round

Problem 1. x = ABCDE is a five digit number. If (A+ C + E) — (B+ D) = 11k
where kK = —1,0, 1, 2, prove that x is divisible by 11.

Solution. Notice that x can be rewritten as

2 = 10000A + 1000B + 100C + 10D + E
= 99994 + 10018 + 99C + 11D + (A— B+ C — D + E)
= 11(909A4 + 91B + 9C + D + k).

and so x is divisible by 11. d

Problem 2. A palindrome is a number that remains the same when its digits are
reversed. For example, 252 is a three-digit palindrome and 3663 is a four-digit palin-
drome. If the numbers z — 22 and z are three-digit and four-digit palindromes,
respectively, find the value of .

Solution. Let’s look at the sequence of all palindromes in ascending order, near 1000.
...,969,979,989,999, 1001, 1111, 1221, ...

Notice that x cannot be greater than 1001 or otherwise x — 22 will not be a three digit
number. Therefore,  can only be 1001. It is also easy to see that x — 22 = 979 is also a
three-digit palindrome, so £ = 1001 must be the only solution. O

3In technical jargon, we say that these two graphs are isomorphic.
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Problem 3.

1. To find the exact value of V4 + 2\/3, let V4+2v3=a+ b\/g, where a and b

are integers and a > bv/3 > 0, and compute the exact values of a and b.

2. Length of a side of an equilateral triangle ABC'is 2. If AD | BC, and the angle
bisector of /BAD meets BC at E, show that ZAED = 75°. Using the angle
bisector theorem, find the exact length of ED. Using the diagram, compute
exact values of sin 75° and cos 75°.

Solution. 1. Let V4 +2v3 =a+ bv/3. Then
44 23 = a® + 3b% + 2abV/3.

Therefore, we will be done if we can find integers such that a® 4+ 3b?> = 4 and ab = 1.
Substituting b = % into the first equation,

a® —4a®> +3=0= (a®* —1)(a® - 3) = 0.
and hence we have the following four solutions pairs (a,b): (1,1), (=1, —1), (v/3, %),

and (—/3, —%) Out of all these four pairs, we see that only one pair (1, 1) satisfies
a>by/3>0. Hence a = 1 and b = 1.

A

-
B E D C

2. Since AABC is equilateral, D must be the midpoint of BC. By Pythagoras’s theorem,

AD = \/AB2 — BD?2 = /4 — 1 =/3.

Therefore, by the angle bisector theorem,

ED FEB ED+EB 1 V3
— -~ = — —_— ED - .
DA BA DA+ BA /342 V3+2

Now we can calculate the length of AF as follows:

_ _ V3 \’ 122+ V3) 12
AE = \/DE? 4+ DA? = (\/§+2> +3_\/(2+\/§)2 _\/2+\/§.
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The right hand side can be written as

AR — 12 24 V24
V243 V4423 143

Therefore, finally,

. AD 1+3
sin75” = — = ,
AE 2v/2
and
wosmse = ED _ VB4V3) - 1+V3 1+V3 V31
AE  \V242+3)  V2(4+2v3) V21432 2v2
Remark. Tt is way easier to calculate these using law of sines or angle addition formulas.
Problem 4. Find the nth term of a harmonic progression whose first two terms are
a and b.
Solution. Suppose that a, b, us, ug,... is a harmonic progression. Then %, %, 1713> 47147 ... 18
an arithmetic progression. Since the first term of this arithmetic progression is % and the
common difference is % — é, the nth term of this arithmetic progression is
1 1 1 1 (n—=1)(a—0b)+b
- B A e )
Up, a +n-1) (b a) ab
Hence the nth term of the harmonic progression must be
b
Up, = a OJ

(n—1(a—0b)+0b

Problem 5. Find the relationship between a, b and c if the system

rt+y=a
2 +y> =0
x3+y3:c

has solutions.

Solution. By the sum of cubes identity,
c=23+yP = (@ +y) (2 —zy+v?) =alb—zy).

Therefore, we just need to find the value of xy in terms of a, b and c. This can be done as

follows:
(z+y)?—a?—y> a®>->

2 2
Hence the relationship between a, b and c is
b—a® b—a®
c:a<b+ 2a>=a(32a):>a3—3ab+2c:0. ]
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Problem 6. A function f is defined on the positive integers, f(1) = 1009 and

FQ)+£(2) + -+ f(n) = n’ f(n).

1. By expressing f(1) + f(2) +---+ f(n — 1) in two ways, find f{éf)l).

2. By using the result in part(a), find the formula for f(n). Calculate f(2018).

Solution. Observe that

n’f(n) = f(1) + £(2) + -+ f(n = 1) + f(n)

Therefore,
f(2) f3) f4) f(n) 1 2 3 n—1 2018
fn) f(l)'fu) f2) f3) f(n—1)_1009'§'1'5 """ n+1 nmn+1)
Finally, f(2018) = 5500 = 505 O
Problem 7.

1. f(z) = m can be expressed as f(x) = % + %, where A and B

are constants. Find the values of A and B.

2. If f3)+ f(4)+ f(B) 4+ -+ f(n) = ¢ — g(n), where c is a constant and g(n) is
a function, determine ¢ and g(n).

Solution. Since

1 A B A(2z—3)+ B2z —1)

2r—1)(22-3) 20—1 20-3  (@e—1)22—-3)

Clearing the denominators gives*

ARz —3)+ B2z —1)=1= (2A+2B)z —3A—B =1,

By equating the coefficients, we see that 24 +2B = 0 and —3A — B = 1. Solving these two
equations give A = —% and B = % Therefore, f(z) can be represented as

1/ 1 1
f(x):2(2x—3_2x—1)'

4We can do this since the domain of f does not include % or %
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Consequently, the sum in the second part is

1,1 1 1 1 1 1
FO S+ sm =5 (5545 g )
1/1 1
:2<3_2n—1>
1
T 6 4n—2
Therefore, ¢ = ¢ and g(n) = . O

Problem 8. Find the number of ways in which 5 men, 3 women and 2 children can
sit at a round table, if

1. there are no restrictions,

2. each child is seated between 2 women.

Solution. 1. The number of circular permutations of n different people is (n — 1)!. Since
there are 5 + 3 + 2 = 10 people in total, the number of circular permutations is
9! = 362880.

2. Since each child is seated between 2 women, this means that the 3 women and 2
children form a block like so:

W-C-W-C-W
There are (6 — 1)! = 120 ways to permute the block and 5 men around the table.

Inside the block, there are 3! = 6 ways to permute the women, and 2 ways to permute
the children. Therefore, the total number of permutations is 120 - 6 - 2 = 1440. O

Problem 9. ABCD is a rectangle with AB =z, AD =y and y > z, and AXY Z
is a square. If the area of AXY Z is the same as the area of ABCD, show that

VIy—x < BX < /zy+z and y — /2y < DZ < y + \/7Yy.

Solution. Let the side length of the square be z. Then since ABCD and AXY Z have the
same area, we have z = ,/ry. By the triangle inequality in AAX B,

AX <AB+BX = Jry—x < BX and BX < BA+ AX =x+ /xy
which gives the first inequality. We can obtain the second inequality similarly by applying

triangle inequality on AAZD. O
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X
VY
Y
A D
Z
z
B Y C

Problem 10. The average of the numbers 1,2,3,...,99 and « is 100z. Find the value
of x.

Solution. By the AP summation formula,
99 - 100

1424 +99 = — 4950,
Therefore,
4950 + 4950 50
EPUFT 00 _ 20 00 0
100 T=""= 9999 ~ 101

Problem 11. FEach of 240 boxes in a line contains a single red marble, and for
1 < k < 240, the box in the kth position also contains k& white marbles. Phyu Phyu
begins at the first box and successively draws a single marble at random from each
box. She stops when she first draws a red marble. Let P(n) be the probability that
Phyu Phyu stops after drawing exactly n marbles. What is the smallest value of n
for which P(n) < 5357

Solution. Let’s first calculate P(n) for general n. It is easy to see that the kth box contain
a total of k + 1 marbles.

P(n) = P(First marble is white) - P(Second marble is white) - - - - - P(nth marble is red)

1 2 n—1 1
=53 —
B 1
n(n+1)
Therefore,
P(n) = n(nl—l—l) < ﬁ s (n—15)(n + 16) > 0.
This shows that n > 15 or n < —16. As n is positive, the smallest value of n is 16. O
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Problem 12. For all positive integers n, define

1 1 1 1
— 11— 4 ... _
fn) 573 Y o1 o
(n) = ST
gin T nd+l n+2 n+3 mn’

By using mathematical induction, prove that f(n) = g(n) for all positive integers n.

Solution. For the base case n = 1, both f(1) and g(1) are equal to % Now suppose that
f(k) = g(k) for n = k. Then f(k+ 1) is equal to

flk+1)=1 1+1 + ! 1+ ! !
23 2k—1 2k 2k+1 2k+2
1 1
= f(k _
J(k) + 2k+1 2k+2
1 1 1
=—— k
rr1 YW g T e
- + ! +-- 4 !
S k+2 k+ 2k 42
=gk+1)
and hence by mathematical induction, f(n) = g(n) for all natural numbers n. O

Problem 13. ABCD is a cyclic quadrilateral with AB = AC. The line PQ is tangent
to the circle at the point C, and is parallel to BD. Diagonals BD and AC intersect
at E. If AB =18 and BC = 12, find the length of AF.

Solution. Since PQ || BD,
LEAB = /CAB = /PCB = Z/DBC = ZEBC,

and hence by tangent-chord theorem, segment BC is tangent to (ABE).
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Therefore,
CE-CA=CB*= CE=38.

Finally, AE = AC — CE =18 — 8 = 10. U

Problem 14. Let a > b > 0. Define two sequences a,, and b,, as follows:

an + by,

9 5 bn+1 = anbn.

a; = a, bl :b, An+1 =

1. Prove that a,+1 < a,, and b,11 > b, for n > 1.

(an —bn)2
8an+2 :

2. Prove that ap11 — bpy1 =

3. If a =4 and b = 1, find the first four terms of each sequence of a,, and b,.

Solution. When n =1, a1 = a > b = b;. Now suppose that a; > by for some k& > 1. Then
by the AM-GM inequality we have

ap + by
Upyr = —5— < agbr = bpy1.

Hence by induction, a,, > b, for all n € N. Therefore, for n > 1,

an + by Qn + an
apt+1 = < = ap.

2 2

Similarly, we can show that b,4+1 > b,. Now observe that

any2(ng1 — bpg1) = §(an+1 + bns1)(@ng1 — bpy1)

1
= i(a%—i—l - bgl—&-l)

1
= g(a% + bi + 2anby, — 4a,by)
o (an — bN)Q
B 8
(an — bn)2

an4+1 — bn+1 = 8 1o
n+

Finally when ¢ = 4 and b = 1, the first four terms of a, are 4, %, %, 9+§‘/5 and those of b,

are 1,2,/5,#. O

Problem 15. If cos a, cos 3 and cosy are the roots of the equation z3+ax?+br+c = 0,
where «, 3 and v are angles of a triangle, prove that a® = 2b + 2¢ + 1.
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Solution. By Vieta’s formulas,

—a = cos a + cos 3 + cosy
b = cos a.cos 8 + cos 3 cosy + cosycos o

—c = cos acos [ cosy
Therefore, we just need to show that
cos® a + cos® B + cosQ'y =a?—2b=1+2c=1— 2 cos a cos B cos 7.

Remember that we have cos 20 = 2 cos? @ — 1. Therefore,

1
cos® a + cos® 4 cos® y = 5(2 + cos 2a + cos 23 4 2 cos® )

— %(2 + 2 cos(a + B) cos(a — B) + 2 cos? )
=1 — cosycos(a — f3) 4 cos® v

=1 — cosy(cos(a — B) — cos~y)

=1 — cosy(cos(aw — ) + cos(a + B3))

=1—2cosacosfcos. O

Problem 16. The two circles C7 and Cs intersect at the points A and B. The tangent
to Cp at A intersects Cs at P and the line PB intersects C at ). The tangent to Co
drawn from @ intersects Cy and Cy at the points X and Y respectively. The points
A and Y lie on the different sides of PQ. Show that AY bisects /X AP.

Solution. In fact, we don’t even need the fact that segment AP is tangent to C;. Note that

LXAY = /XAB+ /ZBAY = /ZXQB+ /ZBYQ = ZYBP = LY AP. O
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2018 Regional Round

Problem 1. In the figure, AP, BQ, CR are perpendicular to the straight line ABC.
Prove that

1. APAB ~ ARCB
2.

11
BQ = 4P T CR-

Solution. Notice that /PAQ = ZCRQ and ZAPQ = ZRCQ, so APAQ ~ ACRQ. Since
BQ || PA, we have

AB PQ PA _PA RC

BC QC RC AB CB

As /PAB = Z/RCB = 90°, we see that APAB ~ ARCB.

R
P
Q
A B C
Finally,
BQ BQ_CB AB_ 1 1 _ 1 -

AP TCR-cAtcAT ' T aP T CrR”BQ

Problem 2. PA and PB are the tangent segments at A and B to a circle whose
center is O. AB and OP are intercept at ). Prove that AB 1. OP. Hence show that
0Q : QP = AO? : AP?. Hence also show that a( AOAB) : a(APAB) = AO? : AP2.

Solution. Since PA = PB and OA = OB, OAPB is a kite, and hence AB | OP. Now, @
is the foot of perpendicular from A in right triangle OAP. Therefore,

A0*  0Q-OP 0Q

AP?2  PQ-PO QP
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C

P

Since AOAB and APAB share the same base AB, the ratio of their areas is equal to the
ratio of their heights. Hence

[AOAB]  0Q  AO?
[APAB] ~ QP  AP?

Problem 3. If T3, 15, T3 are the sums of n terms of three series in AP, the first term
of each being a and the respective common differences being d, 2d, 3d, then show
that 17 + T3 = 275.

Solution. Let (xy), (yx) and (zx) denote the three APs. First, for any ¢ € N, we have
ritzi=a+(i—1)d+a+3(i—1)d=2a+4(G —1)d =2(a+2(i — 1)d) = 2y,.

Therefore,

n

n n n n
T1+T3:ZCC,‘+ZZZ‘:Z(CC,'+ZZ‘)ZZQinQZinQTQ. ]
=1 =1 =1 =1

i=1

Problem 4. The positive difference between the zeros of the quadratic expression
22 + kz + 3 is v/69. Find the possible values of k.

Solution. Let the roots of this polynomial be p and ¢ and WLOG assume that p > ¢g. Then
by Vieta’s formulas, p+ ¢ = —k and pg = 3. We also have p — ¢ = /69. Therefore,

(P+a)’-(p—q)® K 69
1 1

Hence k£ = 19. O

— k% = 8.

3=pq=
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PR = kQR, then show that PS = (k? — 1)RS.

Problem 5. In APQR, ZQ = 90° and S is a point on PR such that QS 1L PR.

If

Solution. Since R is the foot of perpendicular from @) in right triangle PQR,

PS _PS-PR _ PQ?
RS RS-PR  QR?*

Q

P S R

Now by Pythagoras’s theorem,

P 2
PQ?=PR?> - QR?> = k’QR?> - QR?> = (k> - 1)QR*> = @ _ K —1.

QR?

Therefore, PS = (k* — 1)RS.

Problem 6. Prove the following theorem:

that have the same ratio as the other two sides, then it bisects the angle.

If a ray from the vertex of an angle of a triangle divides the opposite side into segments

Solution. Let the triangle be ABC'. Let the ray originate at A and let it intersect side BC'
at D. Finally, let E and F be the foots of perpendiculars from D onto sides AB and AC.

A
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The problem condition then gives us BD : DC = BA : AC. Since AABD and ANACD
share the same height, the ratio of their areas is the ratio of the bases. Therefore,

BD [ABD] BA-DE

_ _ DE = DF.
DC ~ [ACD] ~ AC-DF

In right triangles ADE and ADF, we have DE = DF and hypotenuse AD, so they are
congruent. Thus /BAD = ZCAD as desired. O

Remark. This is commonly known as the angle bisector theorem.

Problem 7. The sum to k£ terms of an AP is 21. The sum to 2k terms is 78. The kth
term is 11. Find the first term and the common difference.

Solution. Let u; and d be the first term and common difference of the AP. Then we have
the following three equations:

91 — k(ul—i-uk)7
2

78 = k(uy + uag),

11 = Ug-

Notice that ug is obtained by adding d to u; for £ more times. Therefore, ugr = ug + kd.
From the first equation, we have k(uy + ux) = 42. Therefore, the second equation gives

78 = k(uy + uy) + k%d = 42 + k*d = k2d = 36.

We also have uy = uj + (k — 1)d, so u; = ug, — (k — 1)d. Substituting this into the second
equation gives
k(uy + uap) = 78
k(up — (k—1)d +up + kd) =78
k(2uy +d) =78
22k + kd =78
22k* + k*d = 78k
22k* — 78k + 36 = 0
11k% — 39k +18 =0
(11% — 6)(k — 3) = 0.

Since k is a positive integer, it follows that k = 3 and hence d = 4. Therefore,

w=up—(k—1)d=11-2-4=3, 0

Problem 8. Prove that if a, b, ¢ and d are positive, the equation z* 4+ bx? +cx —d = 0
has one positive, one negative and two imaginary roots.
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Solution. Let f(x) = x* 4+ bx? + cx — d. This polynomial has exactly one sign change, so by
Descartes’ rule of signs, it has exactly one positive root. Now f(—z) = z* 4 bx? —cx —d also
has one sign change, so f must also have exactly one negative root. Since f is a polynomial
of degree 4, by the fundamental theorem of algebra, it must have exactly 4 complex roots.
Since we know that it only has 2 real roots, the rest two roots must be imaginary and we
are done. O

Problem 9. Show that the sum of the squares of the first n odd numbers is %n(4n2—1).

Solution. This is the same problem as 2016 Regional Round problem 14. O

Problem 10. If 100! is divisible by 7™, find the maximum value of n.

Solution. Since 14 -7 < 100 < 15 -7, there are 14 numbers less than 100 which are divisible
by 7. Out of these 14 numbers, there are 2 numbers, namely 49 and 98 which are divisible
by 72. Therefore, the power of 7 in the prime factorization of 100! is 14 + 2 = 16 and so
n = 16. O

Remark. The argument in this problem can be generalized to get what is known as Legen-
dre’s formula.

1+tan? z

Problem 11. Show that z = 10° is a solution of 2sinz = T tanTa

Solution. We will first show the identity
sin3z = 3sinz — 4sin® z
for any real x. This can be done as follows:

sin 3x = sin(2z + )
=sin2xcosx + cos2zrsinz
= 2sinzcos? z 4 (1 — 2sin’ z) sinz
= sinz(2 — 2sin’z 4 1 — 2sin’ z)

= 3sinx — 4sin®z
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In particular, when x = 10°,
= 35sin 10° — 4sin® 10°

= sin 10°(3 — 4sin® 10°)
1

3 — 4sin® 10°

_ 1

~ 4dcos?10° —1

- sec? 10°

4 —sec?10°

14 tan®10°

3 —tan?10°

N =N =

2sin 10° =

so x = 10° is a solution to the given equation. O

Problem 12. Show that %4— %—i—--%—ﬁ > /n for all n > 1.

. . 1 1
Solution. For 1 < i < n, we have 7 T Therefore,

1 1 1 1 1 1 n
e —— > e —— = —
Vi oV2 vn T oyno Vn Vvnoo/n

Problem 13.

1. Prove the following Cauchy inequality:

For any real numbers ay,...,a, and by, ..., by,
(a1by + agbs + -+ + apby)® < (af + a3 + -+ +a2) (b7 + b3 + - -+ b2).

2. For a set of positive real numbers z1,...,z,, the Root-Mean Square RMS is

defined by the formula
RMS — /L
n

and the Arithmetic Mean AM is defined by the formula

T+ T,
-

AM =

Prove that RMS > AM.

Solution. Consider the following quadratic polynomial in x:

P(x) = (a12 + b1)* 4 (agz + b2)® + - + (anz + by)* > 0.
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Letting A = a3 + -+ + a2, B =2(ajby + -+ + apyby) and C = b7 + --- + b2, the quadratic
can be rewritten as

P(z) = Ax* + Bz + C > 0.

Since this quadratic is non-negative, it can only have at most one real root (i.e. the parabola
cannot intersect the x axis at two distinct points.) Therefore, its discriminant is less than
or equal to zero; which yields the desired inequality.

B? —4AC <0 = (a1b1 4+ -+ anby)? < (a3 + -+ a) (13 +--- +12).
Now letting a; = z; and b; = 1 for all 1 < i < n, by the Cauchy-Schwarz inequality,
(T1+ 3o+ +x,)? < (2T + 25+ + 2l )n.

Rearranging the equation gives

o e ) <\/x§+m§+---+x%

n n

Problem 14.

1. Prove that if p is a prime number, then the coefficient of every term in the
expansion of (a + b)P except the first and last is divisible by p.

2. Hence show that if p is a prime number and NV is a positive integer, then NP — N
is a multiple of p.

3. Hence also show that if p is a prime number, then 10P? — 7P — 3 is divisible by p.

Solution. This problem is a step-by-step proof of Fermat’s little theorem.

1. By the binomial theorem,

(a+b)P =a’+ <119>a1’1b+---+ ( P 1)abpl+bp.

For1<r<p-1,

<p> :p(p—l)---'(p—TJrl)

Since r < p, there are no factors of p in the denominator. However, p obviously divides

the numerator. Since (ff ) is an integer, during the cancellation, there was no number in

the denominator that could cancel out the p in the denominator. Therefore, p divides
p
(r) :
2. We will show that nP —n is divisible by p, by induction on n. For the base case, when

n = 1, this is equal to 0 so it is divisible by p. Now suppose that for n = k, kP — k is
divisible by p. Then when n =k + 1,

(k+1)P — (k+1) = (K" — k) + ((f)kphr <g>k:p2+-~+ <pp1>k:).
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Since p divides the first bracket by the induction hypothesis and the second bracket by
the first part, it follows that p also divides (k4 1)? — (k + 1). Therefore, by induction
it follows that p divides n? — n for all positive integers n.

3. Notice that 10P — 7’ — 3 = (10” — 10) — (7P — 7). Since both brackets are divisible by
p, we are done. O

2018 National Round

Problem 1. To construct a triangle ABC, only given that AB = 10 and ZABC is
30°. Find all values of AC for which

1. there are two possible triangles ABC.

2. there is only one triangle ABC.

3. there is no triangle ABC.

Solution. Let £ be the ray originating from B which is inclined to segment AB at a 30°
angle. Obviously C' must lie on this ray. Now let H be the foot of perpendicular from A
onto ¢. Let = AC be the length of segment AC, and let w(x) be the circle centered at A
with radius x. It is easy to see that AH = ABsin30° = 5.

B

Case 1: x < AH
In this case, w(x) does not intersect ¢ at all, so there is no triangle ABC.

Case 2: t = AH
In this case, w(x) is tangent to ¢ at H. Therefore, there is only one place C can be,

namely H and hence there is only one triangle ABC.

Case 3: AH <z < AB
In this case, w(x) intersects the ray ¢ at two points. Therefore, C' can be at any of those

two points, which gives two possible triangles ABC.

Case 4: AB<x
Finally in this case, w(x) intersects ray ¢ at only one point, so similarly to case 2 there is
only one triangle ABC. Therefore, the final answers are

1. {r eR|5 <z <10},

2. {xeR|z=5o0rz>10},
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3. {reR|0<x <5} O

Problem 2. In the given figure, O is the center of the circle. OA and OC' are radii
with OA = OC = 5 units. Find the area of region ABC' D, bounded by arc ABC, line
segments C'D and DA, in terms of 0, if the line segment DA = 8 units and ZAOC' is
6°.

Solution. First, let’s calculate the area of sector AOC'. It subtends an angle of 8 degrees at
the center, so its area Aj is

0 o 5wl
“30 " T
Therefore we just need to calculate the area of ADOC. The length of OD is 8 —5 = 3
units.

Ay

Let H be the foot of perpendicular from C onto line AD. Then the area Ay of ADOC is

_CH-OD_CO-SinéHOC-OD_C’O-sinZAOC-OD_5-Sin9-3_155111«9
N 2 N 2 N 2 N 2 2

Az

Therefore, the total area of the region is

570  15sind
A Ay = — .
1A=y Ty -

Problem 3. Prove that
1. cos20°,
2. log 21, and
3. V3

are irrational.

Solution. We will use proof by contradiction in all the following subproblems.
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1. Suppose in contrary that cos20° is rational. Then cos20° = 7 for some relatively
prime integers a and b. Then since cos(3z) = 4 cos® x — 3 cosz, we see that

1 4a3 3
5= cos 60° = 4 cos® 20° — 3 cos 20° = bii” — ?a'

Multiplying both sides of the equation by 2b gives b3 = 8a® —6ab?, and since a divides
the right hand side it follows that a | b3. However, since we assumed that a and b are
relatively prime, this is a contradiction. Therefore, cos 20° must be irrational.

2. Similarly, assume that log 21 is rational. Then log21 = ¢ for some relatively prime
integers a and b. Hence

log 21 = % — 21 = 105 = 21° = 10

However, the left hand side is even and the right hand side is odd which is clearly not
possible unless @ = b = 0. Therefore, log 21 must be irrational.

3. Finally, suppose that v/3 is irrational. Then /3 = ¢ for some relatively prime integers
a and b. Then

\/§=%:>362:a2.

Since 3 divides the left hand side, 3 | a> = 3 | a. Therefore, a = 3k for some k.
Substituting gives
3b* = 9k* = 3k% = b°.

Similarly to above, this means that 3 also divides b. However, since we assumed that
a and b are relatively prime, this is not possible. Hence v/3 is irrational. O

Problem 4. Triangle ABC with AB = ¢, BC' = a and C A = b is inscribed in a circle.
Find the radius of the circle in terms of a, b and c.

Solution. Let H be the foot of perpendicular from A onto side BC, and let A’ be the
diametrically opposide point of A on circle (ABC). Then ZAHB = ZACA" = 90°. We also
have /ABH = /ABC = ZAA'C so NABH ~ NAA'C. Let S be the area of AABC and
R be the radius of (ABC'). Then

AB-AC-BC abc
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A

AI
Meanwhile, by Heron’s formula,

S =+/s(s—a)(s—b)(s—c),

where s = %’”c is the semiperimeter of AABC. Therefore,

abc abc
— . D
45 4/s(s—a)(s—Db)(s —c)

Problem 5. Prove the following Ptolemy’s theorem:
In a cyclic quadrilateral PQRS),

PQ-SR+ PS-QR=PR-SQ,

That is, the sum of the products of the opposite sides is equal to the product of the
diagonals.

Solution. This is Ptolemy’s theorem which has appeared before as 2015 National Round
P18. O

Problem 6. f(z) is a real-valued function defined on @ < z < b such that

F(5%2) < 30 + ),

for all @ < x1, x5 < b. Prove that

f(x1+l‘2+'--+$n
n

) < 200G+ faa) 4+ )

for all a < x1,29,...,2, <b.
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Solution. This is one of the rare problems which need forward-backward induction to be
solved. The base case n = 2 is true. Now suppose that the inequality is true for n = k. We
must first show that it is true for n = 2k:

f<x1+x2+-'-+xk+xk+1+-~+x2k>

2k

1 (142204 +2r  Tpy1+ Thyo+ -+ Tog
=1z k * k

§;<f (:L‘1+332—i];~"+$k) +f<$k+1+$k+i+.“+x2k>)

< % (]1 (f(z1) + fla2) + - + flzp)) + % (f(@ryr) + f(@rya) + -+ f(fc2k))>

_ f@) + fae) + - + foa)
2k
where the third inequality is because of the base case and the fourth is because of the
induction hypothesis. Hence the inequality is true for n = 2k. Now observe that

1 r1+ w2+ + Tpo Ty + T2+ + Tpo
f<<x1+x2+---+xk_1+1 2 k1>)2f<1 2 kl)

k k-1 k—1

Since the inequality is true for any k real numbers between a and b, it is also true when
TitTot o +TE 1

T = = Asa < w1,T2,...,75_1 < b, it is guaranteed that x}, lies between a
and b as well. Therefore, we have

(B L () ) 4o g (DI S

x>

(h—1)f (m—l—mlj—_- 1 + zp 1) Fa1) + f(wa) 4+ flaps)

f<:c1+x2+~--+$k1> o fe) + flzo) + -+ flapa)
-1 = )

k k—1

Therefore, we have proved that this inequality is also true for n = k — 1, and we are done
by forward-backward induction. O

Problem 7. Point A has position vector g:A and point B has position vector O?
Prove that for 0 < A < 1, the vector A\OA + (1 — )\)O? is a position vector of a
point on the line Hment AB Prove also that any point on the line segment AB has
position vector A\OA + (1 — )\)O? for some 0 < A < 1.

Solution. Let P be a point such that P has position vector /\OA +(1- O? This means
that

AP = 0P — OA = XOA + (1- NOB — OA = (1 — \)(OB — 04) NAB,

which shows that A, P and B are collinear. Also, as AP = (1 — \)AB, it follows that
AP < AB and hence P lies on segment AB.
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Now suppose that P is a point on segment AB. We will show that this point P has the
position vector A\OA + (1 — /\)O? for some 0 < \ < 1. Since lﬁ’ and BA have the same

direction, we must have ﬁ = ABA for some positive constant A. As P lies on segment
AB, we also have 0 < A\ < 1. Therefore,

OP = OB + BP = OB + \BA= 0B + \OA - AOB=X0A+ (1-N0B. O

Problem 8. f(z) is a real-valued function defined on the interval a < z < b such that

fltzr 4+ (1 = t)xa) <tf(z1) + (1 —t)f(x2)

for all @ < z1,2z2 < b and for all 0 < t < 1. Prove that for each triple x1, z3, x3 of
distinct numbers in the interval,

(@5 — 22) (1) + (22— 22)f(28) + (21— 20)f (@2)
(x1 — x2) (22 — x3) (3 — T1) > 0.

Solution. WLOG, we can assume that 1 < z3 < x3. Then (x; — z2) and (x9 — x3) are
negative while (z3—x1) is positive, so (x1 —x2)(x2—x3)(x3—x1) must be positive. Therefore,
we just need to show the numerator is also positive, i.e.,

(3 — x2) f(z1) + (w2 — 21) f(73) + (21 — 23) f(22) > 0.

Let P; = (x1, f(z1)) and P3 = (x3, f(z3)) be points in the plane. Since x5 lies between z;
and x3, by the above problem we must have

xg =tx1 + (1 —t)z3

for some real number 0 < ¢t < 1. Now define P, to be the point which has position vector
- = -
P, =tP; + (1 — t)Pg‘

From the above problem, P, lies on segment Py P,. The coordinates of this point must be
(z2,y2) = (txr1 + (1 — t)xs, tf(z1) + (1 — t) f(x3)). From the given condition, we have

f(z2) = f(tzy + (1 = t)w3) <tf(w1) + (1 — 1) f(z3) = y2.
Therefore,

(x5 — x2) f(w1) + (22 — @1) f(w3) + (21 — x3) f(2)
> (z3 — m2) f(21) + (22 — 21) f(23) + (21 — 23)Y2
= (z3 — x2) f(21) + (x2 — 1) f(23) — ((¥3 — 22) + (2 — 71))y2
= (z3 — 22)(f(21) — y2) + (w2 — 21)(f(23) — ¥2).
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Py

\J

However, since P;, P, and P53 are collinear, lines P; P, and P, P35 have the same slope.
Therefore,

yZIz_f(x-Tll) _ ff;ZS)_nyZ — («TS — {Z:Q)(f(xl) - yz) + (xz — xl)(f(q;S) — y2) =0.

and we are done. O

Remark. The reason for constructing the point P; is due to the following observation. Let
Aj be the area of the rectangle with base length 3 — x9 and height f(z;). Similarly define
Ao and Asz with base lengths x3 — x1 and xo2 — x1. Then the complicated inequality is
equivalent to much simpler A; + A3 > A,. However, it can be shown that the sum on the
left is the same as the area of a rectangle with length x3 — z1, and height equal to that of
P,. Therefore, the inequality amounts to showing that the height of P, is greater than or
equal to f(z2) which follows readily from the given convexity condition. The above proof
is just an algebraic translation of this geometric argument.

Problem 9. Equilateral triangle ABC' is inscribed in a circle. P is a point on arc
AB. Prove that PA+ PB = PC.

Solution 1. Let p be the side length of the equilateral triangle ABC. Then by Ptolemy’s
theorem on quadrilateral ACBP,

PA-p+PB-p=PC-p=> PA+ PB = PC. O
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9

A Y\\\ ' \ J B
P
Solution 2. Let segment PC' and segment AB intersect at £. Then L/PCA = /PBA =

/PBE,and /CPA=/CBA=/CAB = /ZCPB = Z/BPE. Therefore, APCA ~ APBE.
Similarly, APCB ~ APAFE. Consequently,

PA PB AE EB AE+EB AB _

pctPc-BCTACT  AB  AB "

Rearranging gives our desired identity. O

Problem 10. AABC is inscribed in a circle. The tangent at C and the line through
B parallel to AC' meet at D. The tangent at B and the line through C parallel to
AB meet at E. Prove that BC? = BE - CD.

Solution. Since AB || CE and BE is tangent to (ABC), we have ZABC = ZBCE and
LCAB = ZEBC, so AABC ~ ABCE. Analogously, as AC || BD and CD is tangent
to (ABC), we have /BCA = ZDBC and ZCAB = ZBCD. Hence ABCE ~ ANABC ~
ACDB.

A
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2018 National Round
This shows that

BC EB 9

Problem 11. AABC is isosceles with AB = AC'. D is the midpoint of BC'. AB and

AC are produced to X and Y respectively such that /XDY = ZDCY. Prove that

AXBD, AXDY and ADCY are similar triangles.
Solution. Since AB = AC, we must have /XBD = /DCY = /ZXDY. Also,

/BDX =180° — ZXDY — /Y DC = 180° — Z/DCY — /Y DC = Z/CY D,

so it follows that AXBD ~ ADCY. This means that % = % = %. As ZXDY =
/X BD, we also see that AXBD ~ AXDY as desired. O

A

Problem 12. ay, by, c1, ag, by, ¢y are positive real numbers with ajc; — b% > 0 and
asce — b3 > 0. Show that (a1 + az)(c1 + c2) — (by +b2)? >0

Solution. We have by the AM-GM inequality,

(a1 + az)(c1 + c2) — (by + ba)?

= a1c1 — b% + agco — b% + a1co + ase; — 2b1by
>0+ 0+ 2y/aicaazc; — 2b1by
> 2b1bg — 2b1by = 0.

O]

Alternate solution. From the given conditions we have ajc; > b% and asecy > b%. By the
Cauchy-Schwarz inequality,

(a1+az)(c14c2) = ((Var)*+(Vaz)*)(Ver)* + (Ve2)?) > (Varer++/azcz)® = (b +bs)*. O
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Problem 13. How many permutations of the word ‘TRIANGLE’ have none of the
vowels together?

Solution. First notice that there are 5 consonants and 3 vowels. Consider the following
template; blue boxes are for consonants and red boxes are for vowels.

Since no two vowels can be together, this means that there must be at most 1 vowel in each
red box. There are 6 red boxes, so the number of ways to arrange 3 vowels in 6 red boxes
is 6 x 5 x 4 = 120. Now the number of ways to arrange the 5 consonants in 5 blue boxes is
5! = 120. Therefore, the total number of words is 120% = 14400. ]

Problem 14. From the group of 2n + 1 people, how many ways to choose a group of
n people or less?

Solution 1. Label the people from 1 to 2n 4 1, and let S be the set {1,2,...,2n+ 1}. Let
A be the set of subsets of S which have n elements or less, and let B be the set of subsets
of S which has n + 1 or more elements. It is easy to see that for each element X in A, we
can pair it up with S\ X, which belongs in B. This means that A and B have the same
number of elements. Meanwhile, the number of subsets of a set of 2n + 1 elements is 227+,
SO

|A| + |B| = 2" — |A| = 22" = 4™,
One thing to be careful is that we also included the empty set in A. Subtracting it from the

total, we see that the number of ways to choose a group of n people or less from a group of
2n + 1 people is 4™ — 1. O

Solution 2. The number of ways to choose a group of ¢ people from a group of 2n+ 1 people
is (2”;'1). Therefore, the quantity we seek is

2n+1 2n+1 2n+1
N = + + -+
1 2 n

where N is the total number of ways. Now by the binomial theorem, we have

2n + 1 2n +1 2n +1
227’L+1 — 1 1 2n+1 — .
(1+1) 0 + 1 + + 2n+1

However, remember that (2";r1) = (2121?:{;) for 0 < i < 2n + 1. Therefore, the quantity on
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the right hand side can be rewritten as
2n+1 2n+1 2n+1 2n+1 2n+1
+ + -+ + +-F
0 1 n n+1 2n+1
2 1 2 1 2 1
_9 n—+ n n+ 4ot n—+
0 1 n
2 1
-2 ("))

=2N + 2.

Therefore, we finally have

Problem 15. Show that the product of any positive integer and its k — 1 successors
is divisible by k!.

Solution. Let the k consecutive integers be n+1,n+2,...,n+ k. Then

N— (n+m+2)---(n+k) nln+)(n+2)---(n+k)  (n+k)! (n+k>

k! nlk! nl(n+k—n)!

On the other hand, the right hand side is the number of ways to choose n objects from n+k
objects, so this is clearly an integer. Hence NV is an integer and we are done. O

Problem 16. How many integers between 1 and 1,000,000 have the sum of digits
equal to 107

Solution. Note that this number is just the number of 6-tuples (z1,x2,...,2z) such that
x1 4+ x2 + -+ + xg = 10, with the restriction that 0 < z; < 9 for all 1 < ¢ < 6 since they
are supposed to represent digits. If we remove this restriction, then by stars and bars, the
number of such tuples is (155) = T72072. Since such a tuple already satisfies 0 < x; < 10 for
all 1 <4 < 6, the only tuples that violate the restriction are (10,0,0,0,0,0) and its variants.
There are 6 of them, so the total number of integers between 1 and 1,000,000 with digit
sum equal to 10 is 72072 — 6 = 72066. O

Problem 17. Each side and diagonal of a regular hexagon is coloured either red or
blue. Show that there is a triangle with all three sides of the same colour.

Solution. Take any vertex v of the hexagon. Since there are 5 edges connected to v, by the
pigeonhole principle, there are at least three edges of the same colour. WLOG, suppose
that these three edges are blue, and suppose that they connect v to three other vertices x,
y and z. Then if one of the edges (z,y), (y,2) or (z,x) are blue, we will have a completely
blue triangle, so suppose that none of them are blue. This means that those three edges
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form a completely red triangle, and hence we have proved that there is always a triangle
with all three sides of the same colour. O

Problem 18. Find the value of 20182 — 20172 + 20162 — 20152 + --- + 22 — 1.

Solution. Differences of squares!

20182 — 2017% + 20162 — 20152 + --- + 22 — 1
= (2018 4 2017)(2018 — 2017) + (2016 + 2015)(2016 — 2015) 4 - -- + (2 +1)(2 — 1)
= 2018 + 2017 4 2016 + 2015 + - - + 24+ 1
20182019

2
= 2037171. O

2019 Regional Round

Problem 1.

1. Show that x? + y? > 2zxy for any two real numbers = and y, and that the sign
of the equality holds if and only if x = y.

2. By using similar triangles, prove that h = %b for the given figure.

C

A D B

- c -

3. By using (1) and (2), show that h < §, and that the sign of equality only holds
if and only if a = b.

4. Show that of all right triangles having the same length of hypotenuse, the isosce-
les right triangle maximizes the area.

Solution. Since the square of a real number is always non-negative,
(z—y)? > 0= 2% +¢* > 2ay,

and the equality holds if and only if x —y =0 <=z = y.
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In ABDC and ABCA, we have /BDC = /BCA = 90° and ZB as a common angle, so
these two triangles are similar. Therefore,

CD AC h b e

Now by the first part and the Pythagoras’s theorem,

Finally, as the equality holds if and only if a = b, we see that the h is maximum when the
right triangle is isosceles. Since the area of AABC is he/2 and c¢ is constant, it is maximized
when h is maximized, so we’re done. O

Problem 2. Find all functions over the reals such that f(z)+ 2f(1 —x) = z(1 — x).

Solution. Substituing x with 1 — x in the equation, we have

fA—=z)+2f(x) =(1—x)z.

Multiplying this equation by 2 and subtracting the original equation gives us

z(l—z
3f(2) = a1 - 2) = f(a) = L0
It is easy to check that this function satisfies the given equation, so f(z) = @ is the
only solution to the given equation. O

Problem 3. In the given figure, ABCD is a rectangle. P and @) are points on BC
such that AB = BP = PQ = QC'. Find two similar but not congruent triangles and
prove their similarity.

Solution. Let x = AB = BP = PQ = QC. We claim that APAQ ~ APCA. First by
Pythagoras’s theorem, we have

PA PC
2 —_ 2 e f— . - =
PA® =2z* = z(2z) = PQ PC:>PQ A
A D
B ¢
We also have ZAPQ = ZCPA, so APAQ ~ APCA. O
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Problem 4. Let f(z) = az® + bz +¢, a # 0.

1. Fill in the following steps ((J) to show that f(x) = a(x + 2%)2 - %.

f(z) =a(z® +0zx) + ¢

b 2
—a<x2+D:L‘+D— <> )+c
2a

b2
:a(xz—i—Dx—i—D)—E—i-c
2

:a(x—f—D)Q—%—}—c

+b 2 B2 4ac
=aglz+—| ——
2a 4a

2. Hence show that if @ > 0 and b? — 4ac < 0, then f(x) > 0 for all z € R.
3. Show that if @ < 0 and b? — 4ac < 0, then f(z) < 0 for all z € R.

4. If b*> — 4ac > 0, find the roots of the equation f(x) = 0 in terms of a, b and c.

Solution. This is just completing the square.

f@):a<ﬁ+f;x)+c

—a2t oy (2 (LY +
I a v 2a 2a ¢

2 . .
If @ > 0 and b2 — 4ac < 0, we must have & Z;lac < 0. Since squares are non-negative,

b\? b2 — 4ac b2 — dac
= _— — > — 0.
Jz)=a <x * 2&) 4a 4a ”

Now if a < 0 and b? — 4ac < 0, we must have bz%ac > 0. Therefore,

< — < 0.
2a

4a - 4a

f(x) ( N b>2 b% — dac b2 — 4dac
z)=alzx —
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Finally, let’s find the roots of f(z) = 0.

flz)=0
= afes 2_7172—4610_0
2a 4a N
PN +£ 2_b2—4ac
v 2a)  4a?
b Vb2 — 4ac
= p4 - =g YR
2a 2a
—b+Vb? — dac
< xr= = .

2a

Since b2 — 4ac > 0, the square root will evaluate to a positive real number, and we will have
two distinct real roots. O

Problem 5. In the given figure, DC' = PB and DC' || PB. M and N are midpoints
of AC' and BD respectively.

1. Prove that the points P, N, C are collinear.

2. Prove that AP || MN and AP = 2MN.

Solution. As DC = PB and DC' || PB, it follows that DCBP is a parallelogram. Therefore,
the diagonals bisect each other, and hence the midpoint NV of segment BD must also be the
midpoint of segment PC, which means that P, N, C are collinear.

C

P
Now M is also the midpoint of AC, so M N || AP and

MN CN 1

Problem 6. In the given figure, ZBAC = 60°, AB =24 cm, BD | AC and DC =3
cm. Find the diameter of the circle.
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E

C

Solution. Let O be the center of the circle and let line CO meet the circle again at E. Since
ABAD is a 30-60 right triangle, we have AD = 12. Therefore, AC = AD 4+ DC = 15. Now
by law of cosines in AABC,

BC? = AC? + AB? = 2AB - AC - cos 60° = 15% +24? — 15 - 24 = 441 = BC = 21.

Now notice that ZCEB = ZCAB = 60° and ZCBE = 90°. Therefore,

BC 42
FE = = — =14v3
sin60° /3 V3,

and hence the diameter of the circle is 14v/3 cm. O

Problem 7. In an AP, the kth term is 11. The sum of the first k terms is 26. The
sum of the next k terms is 74. Find the first term and the common difference.

Solution. Let u; and d be the first term and common difference of the sequence. It is easy
to see that the sum to 2k terms is 26 + 74 = 100. Therefore, we have the following three
equations:

26 — k(u1 + Uk))
2
100 = k:(u1 + UQk),
11 = ug.

Since ugy is obtained by adding d to ux for k more times, usp = up + kd. From the first
equation, we also have k(u; + ug) = 52. Substituting all of this into the second equation
gives

100 = k(uy + ugg) = k(ug +ug) + k*d = 52 + k?d = k*d = 48.
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Now from the second equation, ui = u; + (k — 1)d, so u; = ux — (k — 1)d. Substituting
again into the second equation,
100 = k(ug — (K — 1)d + ug + kd)
= k(2uy, + d)
=22k + kd
100k = 22k? + k*d
100k = 22k* + 48
22k* — 100k + 48 = 0
11k* — 50k +24 =0
(11k—6)(k—4)=0
Since k is a positive integer, £ must be 4 and so d = 3. Finally,

w=u,—(k—1)d=11-3-3=2. O

Remark. This problem is basically the same as 2018 Regional Round Problem 7.

Problem 8. What is the radius of the inscribed circle of a 3-4-5 right triangle?

Solution. We will first derive a formula to find the inradius of a general triangle. Suppose
that we have AABC with incenter I. Let its inradius be r, then the area of AIBC' is
r- BC

AIBC) = =

Similarly, we can also compute the areas of AIC'A and AITAB. Therefore summing all of
them gives

r(AB + BC + CA) 2[AABC]

[AABC] = [AIBC) + [AICA] + [ATAB] = 5 — " T ABYLBCICA

A

<

b - — - —— =

B C

)

Now let’s apply this formula to our 3-4-5 right triangle. Its area is 10, so its inradius is
20 20 5

r=————=—=—. O

34+4+5 12 3
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Problem 9. A bag contains 3 red balls and 2 green balls. Balls are drawn at random,
one at a time but not replaced, until all 3 of red balls are drawn or until both green
balls are drawn. What is the probability that the 3 reds are drawn?

Solution. Suppose that we continue drawing after we are supposed to stop until there are
no balls left. Note that 3 reds will be drawn before both greens are drawn if and only if the
fifth ball is green. Therefore, we just need to calculate the probability that the fifth ball is
green. Note that by symmetry, the number of draws where the fifth ball is green is exactly
the same as the number of draws where the first ball is green. Therefore, the probability is
just that of drawing a green ball at the start, which is 2/5. 0

Problem 10. If 75! is divisible by 5", find the maximum value of n.

Solution. Since 75 = 5-15, there are 15 numbers less than or equal to 75 which are divisible
by 5. Out of those 15 numbers, there are 3 numbers which are divisible by 52 = 25.
Therefore, the total power of 5 in the prime factorization of 75! is 15 +3 = 18. Hence
n = 18. O

Remark. This problem uses the same idea as 2018 Regional Round Problem 10.

Problem 11. If L, M, N are the midpoints of the sides of AABC, and P is the foot
of perpendicular from A to BC, prove that L, P, M, N are concyclic.

Solution. First observe that ML || AC and M N | AB due to the midpoints. Therefore,
ALMN is a parallelogram, and so ZLMN = ZLAN. Now since L is the midpoint of the
hypotenuse in right triangle ABP, we see that LA = LP. Similarly, NA = NP. Therefore,
ALAN =2 ALPN. This implies that /LMN = /LAN = ZLPN so L, M, N, P are
concyclic as desired. O

B P --M C

Problem 12. In a GP, the kth term is 864. The sum of the first k terms is 2080. The
sum of the first 2k terms is 12610. Find the first term and the common ratio.
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Solution. Let the first term of the GP be a and common ratio be r. We can view Sy, in the
following way.

Sop =a-+ar+ar?+ - +ar* P fark 4. el
=(a+ar+ar?+ - +arfF Y +r¥a+ar+ar?+- +arkh)
= S+ 18
= S,(1 4%

97
1+rF=—
+r 16

ps
16
We will now use the condition u; = arf~! = 864.
a—ar®
1—r
(1 - 7)2080 = 7 (3 - arH)

r

ark_l E—1
=r T —ar
r

:7'(864'16—864)

Sk =

81
56160r
—1)2080 =
(r—1) <1
r
1=_
' 3
3
r=—.
2
Therefore, k = 4. Finally,
3
a(i) = 864 = a = 256. O

Problem 13. Prove that (:1) (7;;) = (Z) (T’;—_’Z) if all variables are integers and n > m >
k> 0.

Solution. Suppose that there are n — m blue balls, m — k green balls, and k red balls. The
total number balls is n —m 4+ m — k 4+ k = n. We will count the number of ways to arrange
these balls in two different ways. First suppose that we place the blue balls first. There
are (nfm) ways to choose n — m positions out of n positions. After this, there will be m
places left for red and green balls. The number of ways to choose k places from these m
places for red balls is (7,?) The green balls are placed in the places left, so there is no choice.
Therefore, the total number of arrangements is

() ()= ) ()
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Now suppose that we place the red balls first. There are (2) ways to choose k positions

out of n positions. Then there will be n — k positions remaining for blue and green balls.
Out of those n — k positions, there are (:1__]2) ways to choose m — k positions for the green
balls. Again, the remaining blue balls are placed in the places left, so there is no choice.

Therefore, the total number of arrangements counted this way is

() ()

Since the total number of arrangements is the same, we have our desired identity. O

Problem 14.
1. Prove that n < —k2 +nk+ k < % for1 <k <n.

2. Consider k(n+1—k) = —k?+nk +k and by using the inequalities in (1), prove

that ( 2
n—+1)"
n" < (n!)? < PD
3. Hence prove that
n
27L
Solution. Let’s show the first inequality.
kE<n
= k(k—1)<n(k-1)
= kK —k<nk-—n
— n < —k*+nk + k.

The second inequality follows from the AM-GM inequality.

(n+1)* _ <(n+1—k:)+k>2

1 5 >k(n+1—k)=—k®>+nk+k.

Now consider the following n inequalities, obtained when k ranges from 1 to n.

2

ngg.(n_l)gw

Multiplying all of them gives
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Taking the square roots of every term, we finally have

(n+1)”'

3 !
n2 <n!< on

2019 National Round

Problem 1. AABC is an equilateral triangle.

1. Prove that there are points D, F and F on AB, BC and C A respectively such
that DE 1| BC, EF 1 CA and FD 1 AB.

2. Prove that ADEF is also an equilateral triangle.
3. Find the ratio of the perimeters of ADFEF and ANABC.

4. Find the ratio of the areas of ADEF and AABC.

Solution. Let D, E and F be points on sides AB, BC and CA such that 3AD = AB,
3BE = BC' and 3CF = C'A. We will first show that DE | BC. Let M be the midpoint of
BC'. Then since AABC is equilateral, AM 1 BC. Moreover,

BE 3BC 2 BD

BM ~1pC 3 BA

Therefore, DE || AM and hence DE | BC. Moreover, it is easy to see that AAFD =
ABDE =2 ACEF, and so DE = EF = FD which implies that ADFEF is equilateral.

A

B oY c

Now remember that ABAM ~ ABDE, and ABAM is a 30-60 right triangle. Since
BA:BD =3:2,

@_BA_A:BA_BA BD 3 2 _ x5
DE  AM /3 DE BD DE 2 3 7

Hence the ratio of their perimeters is also v/3. Finally, since AABC and ADEF are both
equilateral triangles, they are similar. Therefore the ratio of their areas is the square of
ratio of their sides, which is equal to (v/3)? = 3. O
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Problem 2.

1. If abc = 2ab + 2bc + 2ca where a, b and ¢ are integers and 1 < a < b < ¢, then
show that 3 < a <6.

2. Find all possible ordered triples (a, b, ¢) such that
abc = 2ab + 2bc + 2ca

where a, b and c are integers and 1 <a <b < c.

Solution. We can divide the both sides of our given equation by abc to get
2 2 2

Suppose that 6 < a. Then as a < b < ¢, it follows that both b and c¢ are also greater than
6, so

l=—F-+-<-4+-+=-=1
a+bjL 6+6+6 ’
which is a contradiction. Therefore, a < 6. Now suppose that a < 3. Then a < 2 so
2 2 2 2 2
l=—4+-4+-21+-+->1,
a b ¢ b ¢

which is also a contradiction. Therefore, 3 < a < 6 as desired.
Now we can plug in each value of a and solve for b and ¢. We will only show how to solve
the equation for a = 3, as the other cases can be done the exact same way. When a = 3,

the equation becomes

1 1 1

Notice that b cannot be less than 6 or otherwise ¢ will be negative. This means that both
b— 6 and ¢ — 6 are positive divisors of 36. This gives us the following set of solutions pairs:

(b,c) € {(7,42), (8,24), (9,18), (10,15), (12,12)}.

When a = 4, the equation becomes

1 1 1
—=—-+ - <= (b—4)(c—4) =16.
1=t e (b4
In this case, the solution pairs are (b, c) € {(5,20), (6,12),(8,8)}.
When a = 5, the equation is

1 1 1
— = —4 — —10)(3¢ — 10) = 100.
10 3b+36<:>(3b 0)(3c )
In this case, the solution pairs are (b, c) € {(4,20), (5,10)}.
Finally, when a = 6, the equation is

1 1 1
§_EJFE<:>(6—3)(C—3)_9.

In this case, the solution pairs are (b, c) € {(4,12),(6,6)}.
The table below illustrates all the ordered pairs (a, b, ¢) that satify the given equation. []
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Solution triples

(3,7,42), (3, 8, 24), (3,9,
(4, 5, 20), (4,

(5, 4, 20), (5, 5 10)
(6, 4, 12), (6, 6, 6)

8), (3, 10, 15), (3, 12, 12)
)

Y UL W

Problem 3. Let Z be the set of integers. Let f : Z — Z be a function from Z to Z
such that

flx+y) + flz—y) =2f(x) + 2f(y),

for all integers x and y.
1. Show that f(0) =0 and f(2x) = 4f(x).
2. Show that f(nx) = n?f(z) for every positive integer n.
3. Show that f(y) = f(—y).

4. Determine all functions f : Z — Z such that

flz+y) + flxz—y) =2f(z) +2f(y)

for all integers x and y.

Solution. Let P(z,y) be the assertion f(z +vy)+ f(z —y) = 2f(x) + 2f(y).

P(0,0) = f(0) + f(0) = 2f(0) +2£(0)
2£(0) = 4f(0)
f(0) =

Pz, ) = fQ2z) + f(0) = 2f(x) + 2/ (x)

fQ2z) = 4z

We will prove the second part using strong induction. For the base case n = 1, we have to
show f(z) = f(x) and this is obviously true. So suppose that this is true for all n < k. We
need to show that this is also true for n = k + 1. P(kz,x) then gives

P(kx,z) = fl(k+1)x)+ f((k—1)z) =2f(kx) + 2f ()
f((k+Dz) = 2f(kx) + 2f(x) — f((k —1)z)
=2k f(x) + 2f(x) — (k — 1)*f ()

= (k* + 2k + 1) f(2)

= (k+1)*f(z)
Therefore, by induction it follows that f(nx) = n?f(x) for all positive integers n. In
particular if n is a positive integer, f(n) = n?f(1).

P0,y) = fy) + f(=y) = 2f(0) + 2/ (y)
f(=y) = f(y)
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Now from the second part, letting z = —1 gives f(—n) = n2f(—1) = (-n)2f(1). Hence,
we see that f(z) = 22f(1) = cz? where c is a constant, for all integers x. On the other
hand, it is easy to check that all functions of the form f(x) = ca? satisfy the given equation.
Therefore, it follows that they must be the only solutions. O

Problem 4. Seven integers are written around a circle in a way that no two or three
adjacent numbers have a sum divisible by 3. How many of these seven numbers are
divisible by 37

Solution. There are exactly 3 numbers which are divisible by 3.

Call a number good if it is divisible by 3, and bad otherwise. Let N be the number of good
numbers. First, suppose that N > 3. We claim that there are two adjacent good numbers.
Otherwise, there has to be a bad number between each of those N good numbers, which is
not possible as there are only 7 numbers. Therefore, there are 2 adjacent good numbers, so
their sum is divisible by 3 which is a contradiction to the problem statement. Hence N < 3.

Now suppose that N < 3. Then we claim that there are 3 consecutive bad numbers.
Otherwise, there can only be atmost 2 bad numbers between any 2 good numbers. This
means that the total number of integers can only be at most 6, which is a contradiction as
well. Therefore, there must be three consecutive bad integers. Since an integer can leave a
remainder of 0, 1 or 2 when divided by 3, a bad integer can only leave a remainder of 1 or
2 when divided by 3. If all of those 3 consecutive bad numbers leave the same remainder
when divided by 3, their sum is divisible by 3 which is a contradiction. If they leave different
remainders when divided by 3, this means that there are 2 consecutive bad numbers which
leave different remainders when divided by 3. Then their sum is divisible by 3, which is also
a contradiction. Hence N > 3.

These two parts show that N = 3 and we are done. ]

Remark. One trick that can help a lot in this problem is that we only need to care about
the residue modulo 3 of each of the 7 numbers. That is, we can basically assume that each
of those 7 integers are 0, 1 or 2.

Problem 5.

1. Find an ordered pair (z,y) such that
20192 + 2021y = 1

where  and y are integers.

2. By using the ordered pair obtained in question 1, find all solutions of
2019z 4+ 2021y =1

where x and y are integers.
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Solution. Using the Euclidean algorithm, we can find a solution pair as follows:

2021 = 2019 + 2
2019 = 2 - 1009 + 1
= (2021 — 2019)(1009) + 1
2019 = 2021 - 1009 — 2019 - 1009 + 1
1010 - 2019 — 1009 - 2021 = 1.

Therefore, (x,y) = (1010,—1009) is a solution pair. Now suppose that (zg,yo) is another
pair that satisfies the given equation. i.e.

2019z + 2021y = 1 = 1010 - 2019 — 1009 - 2021 <= 2019(1010 — zg) = 2021(yo + 1009).

Now notice that ged(2019,2021) = 1. Therefore, by Euclid’s lemma, 2021 | 1010 — 2o =
xo = 1010 — 2021k for some integer k. Similarly, 2019 | yo + 1009 = yo = 20195 — 1009 for
some integer j. Substituting these back into the equation again gives

2019 - 2021k = 2021 - 20197 = k = j.
Hence (g, y0) = (—2021k + 1010, 2019k — 1009) for some integer k. Now it is easy to check

that all pairs of the form (z,y) = (—2021k 4 1010, 2019% — 1009) satisfy the given equation.
Therefore, it follows that they are the only solutions. ]

Problem 6. In AABC, altitudes AD, BE and C'F pass through the point H. Points
A’, B and C" are midpoints of BC, CA, AB respectively. Points A”, B” and C” are
midpoints of AH, BH, CH respectively.

1. Prove that B'C'B”C" is a rectangle.
2. Prove that C"A’C"” A” is a rectangle.
3. Prove that the six points A’, B’, C',A”, B"”, C" are concyclic.

4. Prove that the nine points A’, B’,C", A", B",C",D, E, F are concyclic.

Solution. Since C’ and B” are midpoints of sides BA and BH in ABAH, it follows that
C'B" || AH. Now C’" and B’ are midpoints of sides AB and AC, so B'C" || BC. Since
BC 1 AH, B'C’ 1. B"C’. Similarly, we can show that other three angles are also right
angles, so B'C'B"C" is a rectangle.

Similarly to above, we can show that C'A’C” A” is also a rectangle. We now have

LCAC" = L/CA"C" = /CB'C" = /CB"C" = 90°,

so A',B',C", A", B",C" all lie on the circle with diameter CC”. Call this circle w.
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By 2019 Regional Round problem 11, we see that D lies on (A’B’C"), which is w. Similarly,
E and F also lie on w, so combined with above we see that D, E, F, A", B',C", A" B",C"
all lie on w as desired. O

Problem 7. Let f: R — R be a function such that
fle+y)+ flx—y) =2f(x)cosy, z,y €R.
1. Show that f(0) + f(—0) = 2acos, where a = f(0).
2. Show that f(6 + ) + f(6) =0.
3. Show that f( + ) + f(—6) = —2bsin 6, where b= f (5).
4. Find all functions f : R — R such that
fle+y)+ flz—y) =2f(x)cosy

where z,y € R.

Solution. Let P(x,y) be the assertion f(z +vy) + f(x —y) = 2f(x) cosy, z,y € R. Then

P(0,0) = f(0)+ f(—0) =2f(0)cosb
= 2acos?.
P<9+g,g>:> f(0+7r)+f(9):2f(€+g>cosg
~0.
p(g,9+g):> f(9+7r)+f(—9):2f(g>cos(0+g>
= —2bsin 6.

Now subtracting the third equation from the second equation gives

f(8) — f(—6) = 2bsiné.
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Adding this to the first equation gives

2f(0) = 2acosf + 2bsin O
f(0) = acos® + bsiné.

Hence if f satisfies the given equation, then f(z) = acosz + bsinz for some real constants
a and b. On the other hand, it is easy to check that all functions of the above form satisfy
the given equation. Therefore, it follows that functions of the form f(x) = acosz + bsinx
are the only solutions to the given functional equation. O

Problem 8. A student council must select a two-person welcoming committee and
a three-person planning committee from its members. There are exactly 15 ways to
select a two-person team for the welcoming committee. It is possible for students to
serve on both committees. In how many different ways can a three-person planning
committee be selected?

Solution. Let the number of students be n. Then

15 = (Z) :W«:»(n—ﬁ)(n%):o.

Since n is a positive integer, n = 6. Therefore, the number of ways to choose a three-person

planning committee is
6 6-5-4
= = 20. O
3 1-2-3

Problem 9. AB is a diameter of a circle O with radius 10 cm. OQ is a radius of a
circle O such that QO L AB. A point P is on O@. Draw a semicircle centered at P
with diameter C'D where C'D is the chord of circle O and CD | PQ. PQ produced
meets the semicircle at R. Find the maximum possible length of QR.

Solution. The length of QR is
QR =PR—-PQ=PC - (0Q —OP)=PC + OP — 10.

By the RMS-AM inequality,

2 2
CP+O0OP—-10<2 %—10:2 1%—10:10(\/5—1).
Hence the maximum value of QR is 10(\/§ — 1), achieved when CP = OP = 5/2. ]
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Problem 10. Find all positive integers s such that [£] — 21 = [£] where [z] is the
smallest integer greater than or equal to xz. For example, [3.7] = 4, [3] = 3 and
13.2] = 4.

Solution. It is easy to see that for any real number z,
r<|z] <z+1.

Therefore, from the given equation, we have

S S S S S S
5% H—H:Ql S22
375 131715 S3Ti73

Simplifying the first part of the inequality gives us
5s —3s — 15 < 315 = s < 165.

Similarly, the second part of the inequality gives us s > 150. Therefore, s must be in the
set {151,152,...,164}. By checking each element in the set, we see that the only possible
values of s are 154, 155, 157, 158, 159, 161, 162. O

Problem 11. In AABC, AB = 94 and AC = 107. A circle with center A and radius
AB intersects BC' at points B and X. Moreover, BX and CX have integer lengths.
What is BC?

Solution. Since BX and C'X are integers, BC must also be an integer too. Let the circle
intersect line AC at points D and E. Then since B, X, D, E are concyclic,

CX -CB=CD-CE=(CA+ AB)(CA— AB) = CA? — AB* = 107% — 94 = 2613.
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By the triangle inequality, CB < CA+ AB = 94 + 107 = 201. We also have CB > CX
since X lies on the side BC. Since the factors of 2613 are 1, 3, 13, 39, 67, 201, 871 and
2613, we see that BC' must be 67. [

Problem 12. Seven people are sitting around a circular table, each holding a fair
coin. All seven people flip their coins and those who flip heads stand while those flip
tails seated. What is the probability that no two people adjacent will stand?

Solution. Label the people from 1 to 7. First let’s compute the total number of configura-
tions. Each person has 2 possible states, either seated or standing. Since there are 7 people,
the total number of configurations is 27 = 128.

Now let’s calculate the number of configurations where no two people standing are adja-
cent. If the number of people standing is greater than or equal to 4, there will be at least
two of them which are adjacent. Therefore, there can only be at most 3 people who are
standing. Then it is easy to see that the following are all the possible configurations, unique
up to rotation®. The blue blocks denote the people who are standing.

NN (N &N 7N

Since there are 7 ways to rotate each of those configurations, and since there are 4 of them,
the number of configurations is 28. Also counting the configuration where no person is
standing, the final number of configurations is 29.

Therefore, the probability required is %. ]

Remark. You can also use the same technique as in 2016 National Round problem 10 to
show that f(C7) = 29.

5This means that any other configuration can be obtained by rotating one of these configurations.
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Problem 13.

1. Let a and b be positive integers. If there are integers g, yo such that axy+byy =
1, then prove that the greatest common divisor of a and b is 1.

2. Prove that the fraction ﬁZig is in lowest terms for every positive integer n.

Solution. Let the ged(a,b) = d. Since d divides both a and b, d also divides axg and by
and hence

d | (axo + byo) = 1.
Since the only positive divisor of 1 is 1 itself, it follows that d = 1. Now notice that
6(14n+6) + (—=7)(12n+5) =1

for any positive integer n. Therefore, by the first part, ged(14n + 6,12n + 5) = 1, and so

12n45 ;. s FENG
Tint6 1s1n lowest terms for every positive integer n. O

Problem 14. AABC is inscribed in a circle. Altitudes AD, BE and CF pass through
the point H. EF produced meets the circle at P. BP produced and DF' produced
meet at the point Q.

1. Show that ZACF = ZADF = Z/ABE.
2. Show that LZAFQ = LACD.
3. Show that AP = AQ.

Solution. Since ZAFC = ZADC = 90°, AFDC is cyclic, and so

LACF = LADF.

Also /ZHDB + ZHFB = 90° 4+ 90° = 180°, so HF BD is also cyclic and

LADF = /HDF = /HBF = Z/ABE.
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As AFDC is cyclic, we also have ZAFQ = ZACD. But since APBC is cyclic, ZACD =
ZAPQ so ZAFQ = ZAPQ and hence AQPF is cyclic. Since we also have /BF(C =
/BEC =90°, BFEC is also cyclic. Therefore, finally,

/AQP = /AFFE = /ACB = /APQ,

and so AP = AQ as desired. O

Problem 15. A car drives from town A to B at the average speed of 30 km/h, from
town B to town C' at average speed of 60 km/h; and on the way back, the car drives
from C to B at average speed of 30 km/h, from town B to A at average speed of 60
km/h. The whole trip takes 6 hours. What is the total distance of the round trip?

Solution. Let x and y be the distances in kilometres between town A and town B, and town
B and town C. Then from the given conditions we have

T LY YT 1. 1y_
30+60+30+60_6:>(x+y)(30+60>_6

Solving this gives x + y = 120, so the total distance of the round trip is 2(z + y) = 240 km.
O

Problem 16.

1. Prove that the square of an odd number gives the remainder 1 upon dividing
by 8.

2. Prove that if k is odd and n is a positive integer, then k2" — 1 is divisible by
EaA
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Solution. Let the odd number be 2m + 1. Then
(2m +1)? — 1 = 4m(m + 1).

Since m and m + 1 are consecutive integers, one must be even and the other must be odd.
Therefore, their product must be even, and hence 4m(m + 1) = (2m + 1) — 1 must be
divisible by 8. Thus (2m + 1)? leaves a remainder of 1 when divided by 8.

Now we will prove the general statement by induction on n. The base case n = 1 is just
the first part. Now suppose that this is true for n = p. When n =p + 1,

BT 1=k 1= (k) 1= (k¥ + D) - 1).

Since k is odd, k* is odd for any positive integer 2. Therefore, k2° is odd implying k2" +1 is
even. Hence the left bracket in the above expression is divisible by 2. Meanwhile, the right
bracket is divisible by 272 by the induction hypothesis. Therefore, the whole expression is
divisible by 2(PTD+2 and so by induction it follows that k2" — 1 is divisible by 2”2 for all
positive integers n. O
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